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Part J.—PuLane Wavns. 


1. Tae subject of plane waves of finite amplitude has been 
considered by Riemannf; and so long as we confine our 
attention to the case where velocity and density are every- 
where continuous, his investigation, as is well known, leaves 
little to be desired. It will not, therefore, be necessary here 
to make further reference to this aspect of the subject ; but 
there is one part of Riemann’s work which Lord Rayleigh 
has clearly shown to be unsatisfactory, and it is this point 
which we have now especially to consider. Lord Rayleigh 


says [:— 

begins & It has been held that a state of motion is possible 
in which the fluid is divided into two parts by a surface of 
discontinuity propagating itself with constant velocity, all 
the fluid on one side of the surface of discontinuity being in 
one uniform condition as to density and velocity, and on eht 
other side in a second uniform condition in the same respects. 
Now, if this motion were possible, a motion of the same kind 


* Read February 24, 1893. 

+ “Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwing- 
ungsweite,” Gétt. Abhandl. t. viii. (1860); reprinted in Werke, p. 145, 

{ Theory of Sound, vol. ii. § 258, p. 41. 


WO, oda N 


162 DR. GC. V. BURTON ON PLANE AND SPHERICAL 


in which the surface of discontinuity is at rest would also be 
possible, as we may see by supposing a velocity equal and 
opposite to that with which the surface of discontinuity at 
first moves, to be impressed upon the whole mass of fluid. In 
order to find the relations which must subsist between the 
velocity and density on the one side (w, p,) and the velocity 
and density on the other side (wo, p2), we notice in the first 
place that by the principle of the conservation of matter 
Polg=pi. Again, if we consider the momentum of a slice 
bounded by parallel planes and including the surface of dis- 
continuity, we see that the momentum leaving the slice in the 
unit of time is for each unit of area (po%:=pyly)U2, while the 
momentum entering it is py’. The difference of momentum 
must be balanced by the pressures acting at the boundaries of 
the slice, so that 


Pity (%2— Uy) =Pi— Po = a(p1— ps2), 


=ay/(#), w=an/(@), 
a on/(@) : Pr 


The motion thus determined is, however, not possible ; it 
satisfies indeed the conditions of mass and momentum, but it 
violates the condition of energy expressed by the equation 


whence 


du,’ -—4u,?=a" log py—a? log po.” 

2. The assumed motion here criticised is one in which 
density and velocity are constant for all points on the same 
side of the surface of discontinuity, while this 
surface itself is propagated through the fluid Fig. 1. 
with constant velocity. It is easily shown, 
however, that the same objection applies when, 
on either side of the surface, velocity and 
density vary continuously in the direction of 
propagation, while the velocity of propagation 
of the surface is also allowed to vary. For 
let S (fig. 1) be a surface of discontinuity which 
is being propagated through the fluid, while the 
planes A, B, parallel to 8 and lying on either 
side of it, are fixed in the fluid. At a given 
instant let 
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distance of S from A = m, 
” B, S=n; 
density and velocity of fluid just to the left of S=p,, w, 
density and velocity of fluid just to the right of S=p,, ug ; 
velocity with which § is travelling = V. 

Then, since A and B are fixed in the fluid, they are ap- 
proximately moving with the respective velocities uw, uw, 3 m 
and x being taken sufficiently small. On the same under- 
standing, the mass of fluid between A and B (referred to 
unit surface) =mp,+np,; and since this mass must remain 
constant, 


d 
—(m Np2) =0; 
dt (mp1 + ps) 3 
7. é. in the limit, when m and 7 are infinitesimal, 


dm dn 
Biige, 2 ge 


or 


pil V —) =ps(V—u).« «. . . (LD) 
Similarly, if p, and p, are the pressures corresponding to 
p, and pg, the principle of momentum gives:— 


Pi — p= rate of change of momentum between A and B 


d 
Pri ae (uypym + Upon) 
= uy pi( V.—%1)— wpa V—um). . - » « « - (2) 
If the energy per unit volume corresponding to density p 


(in the absence of bodily motion) is called x(p), the principle 
of energy would further give 


Pity —P2te= rate of change of energy between A and B 
d 
=a {m( spity + X(p1)) + 22 parts’ +X (po) ) + 


= {piv +x(P1)} (V —u1) — {2 pars’ +X (p2) $V —u2). GB) 


Since (1), (2), and (3) involve only the instantaneous values 
of 1}, P1y U2; P2, and V, together with explicit functions of such 
values, while the space- and time-variations of all these quan- 
tities are absent from the equations, it is evident that the 
conditions to be satisfied at the surface S are the same as if 

N2 
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Uys Pry U2) P2, V were absolute constants. We conclude then, 
that, with our assumptions, a surface of discontinuity cannot 
be propagated through a fluid with any velocity, uniform or 
variable, except under that special law of pressure for which 
progressive waves are of accurately permanent type. 

3. What, then, becomes of waves of finite amplitude after 
discontinuity has set in? We may emphasize this difficulty, 
and at the same time obtain a clue to its solution, by con- 
sidering the following case (fig. 2):—A is a piston fitting a 
‘cylindrical tube (or, if we 
please, is a portion of an un- 
limited rigid plane). All the 
air to the right of A is initially 
at rest and of uniform density, 
and then A is impulsively set in 
motion, and kept moying to the right with uniform velocity v. 
Consider the speed with which the disturbance generated by 
A. advances into the still air to the right; it is evident that 
in all cases the front of the disturbance must advance faster 
than A. Take, then, the case in which 


QS Wp 


Fig. 2. 


where a is the propagation-velocity of infinitesimal disturb- 
ances. ‘T'wo alternatives present themselves :— 

(i.) If velocity and density are always either constant or 
continuously variable in the direction of propagation, the rate 
of propagation at any point will, in accordance with known 


principles, be 
di 
Vie 


and therefore at the front of the disturbance, where u=0 and 
p = the “undisturbed” density, the velocity of propagation 
will be simply =a; that is, Jess than the velocity with which 
A is advancing. Obviously this will not do. 

(ii.) If velocity and density are not always either constant 
or continuously variable, that is, if one or more surfaces of 
discontinuity are being propagated through the air, we are 
met by the difficulty explained in the last section. 

4, A simple mechanical analogy will help to indicate the 
actual motion, A nuinber of equal spheres, of the same 
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material throughout, are capable of sliding without friction 
along a straight bar (fig. 3), and are connected together by a 
number of very weak and exactly similar springs (not shown), 
so that when there is equilibrium they are equally spaced 


1}]®@—OO—O—O=O 
7 -OO=—OO=O--O 


along the bar. If one of the spheres were moved backwards 
and forwards through a small range, a disturbance would 
travel through the whole system, but owing to the weakness 
of the connecting springs it would travel very slowly. Sup- 
pose, now, that the last sphere on the left hand is connected to 
a movable piston by a spring half the length of the others, 
but otherwise similar to them; and let this piston be suddenly 
moyed to the right with a considerable velocity which is kept 
constant, and which we may call unity. The weak connecting 
spring between the piston and the first sphere produces no 
sensible effect until the two are almost in contact, when the 
sphere rebounds with velocity 2. This first sphere then 
strikes the second, imparting to it the velocity 2, and at the 
same time coming to rest. The positions of the spheres after 
successive equal intervals of time are represented in fig. 3, 
where the number written on any sphere represents its velo- 
city just after the impact which it is suffering. No number 
is written on those spheres which have not so far been affected 
by the motion. From this it will be evident that when the 
piston moves to the right with a constant velocity which is 
very great compared with the propagation-velocity of infini- 
tesimal vibrations of the system, the disturbance advances to 
the right with twice the velocity of the piston, provided that 
the diameters of the spheres are excluded from the reckoning. 

Now suppose that the spheres are too small and too close 
together to be individually distinguished; then, at any instant, 


166 DR. GC. V. BURTON ON PLANE AND SPHERICAL 


the system will appear to be divisible into two parts, in one 
of which the velocity is unity, while in the other it is zero ; 
and in the moving part the spheres will appear to be twice as 
thickly condensed as in the still part. That the constant 
velocity of the piston is very great compared with the propa- 
gation-velocity of small vibrations is of course only a sup- 
position introduced for the sake of simplicity. If, on the 
other hand, these two velocities are comparable, two adjacent 
spheres will always remain finitely separated from one another, 
and the velocity of any individual sphere within the disturbed 
stretch will never be as small as zero, or as great as twice the 
velocity of the piston ; the mean velocity within the disturbed 
stretch being equal to that of the piston. When the spheres 
are very small and very close together, we shall still have 
apparently an abrupt transition from finite velocity and greater 
density to zero velocity and smaller density; and the energy, 
which is apparently lost as the spheres pass from the latter 
condition to the former, exists as energy of relative motion 
and unequal relative displacement amongst the spheres in the 
disturbed stretch. 

5. Let us now compare the case just considered with the 
case of § 3 (fig. 2): and first, concerning the nature of the 
analogy, it should be noticed that the individual spheres are 
not the analogues of the separate gaseous molecules, but that 
when both spheres and molecules are very small and very 
numerous, the apparently continuous properties of the system 
of spheres correspond to similar properties of the gas. The 
connecting springs represent the elasticity of the gas, iso- 
thermal or adiabatic as the case may be, and the energy of 
relative motion and unequal relative displacement amongst 
the disturbed spheres suggests that there is a production of 
heat over and above that which would be due to the (iso- 
thermal or adiabatic) change of density ; that is, a dissipative 
production of heat. The motion considered in the last section 
properly corresponds to the case where there is no conduction 
of heat, so that the connecting springs are the representatives 
of adiabatic elasticity, and the additional heat generated 
remains wholly within the more condensed part of the air. 
If we make the somewhat violent assumption that the tempe- 
rature of the air remains constant throughout, the additional 
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heat generated will be conducted away isothermally, and the 
equivalent energy will be, for our purposes, entirely lost. 
Lo represent this case by means of our spheres we should 
have to regard the connecting springs as representing 1so- 
thermal elasticity, while the energy of relative motion and 
unequal relative displacement among the disturbed spheres, 
as fast as it is produced, is to be consumed in doing work 
against suitable internal forces. 

6. The mechanical system of spheres and springs, having 
suggested a solution, has served its purpose, and it now 
remains for us more closely to consider the aerial problem in 
the light of this suggestion. We may take, first, the case 
where the temperature is supposed to be invariable; for 
although such a supposition is necessarily far removed from 
the truth, it leads to very simple results, which indicate well 
enough the general character of the motion. Let the piston 
A (fig. 4) be moving to the right with constant velocity 
v (which may be either less 
or greater than a, the velo- 
city of feeble sounds in air). 
Assume all the air between 
A and a parallel plane sur- 
face B to have the velocity v 
and density p,, while all the air to the right of B is at rest 
and has the density pp. Let the plane B move to the right 
with velocity V. Then the invariability of mass between A 
and a plane C fixed in the still air gives 


pilV—v)—pyv=05- 6 2 se 2 (4) 


while from the principle of momentum, 


pov —dy=p,— Pos - « « + - (8) 
the pressure p being a function of p only, since the tempera- 
ture is supposed to be constant throughout. If we assume 
for this case the truth of Boyle’s law, so that p=a’p always, 
(5) becomes 

pi(a—Vot+v*)=po, « » « « (6) 


which together with (4) is sufficient to determine V and p, 


when v and py are given. Taking all these quantities to 
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remain constant throughout the motion, we see that at each 
instant the following conditions are satisfied :— 


(i) Every necessary condition between A and B, since 
density and velocity are there constant with respect 
to space and time 3 

(ii) Every necessary condition to the right of B, since the 
air there is at rest and in a constant uniform state ; 

(iii) Equality between the velocity of A and that of the 
air in contact with it ; 

(iv) At B, the conservation of mass and momentum, which 
are necessary conditions, and which, together with 
our supposition that the temperature is somehow 
maintained uniform, are sufficrent to determine what 
takes place at B*. 


Moreover, if at a time ¢ (reckoned from the instant when 
A was impulsively started into motion) we take the distance . 
of B from A to be (V—v)é, so that initially B coincides with 
A, the initial conditions are satisfied. 

Thus the assumed motion satisfies all the necessary con- 
ditions ; it is therefore the actual motion. 

7. Let us now examine what occurs when no heat is 
allowed to pass by conduction or radiation ; a state of things 
much more nearly realized in practice. Suppose the motion 
of A and the condition of the undisturbed air to be the same 
as in the last section, while the (constant) velocity of B is 
now called V’, and the density and pressure of the air between 
A and B (called p’, p’ respectively) are also taken to be uni- 
form and constant. At each instant, in place of (4) and (5), 
we shall now have 


p(Vi=2) =p =O, es) <a) 

p 0! <0) =p’ ee 

Since we assume that there is no transference of heat by 
conduction or radiation, the rate at which the total energy of 


the system increases must be equal to the rate at which work 
is being done upon it by the piston A. Let 0 be the abso- 


* Energy appears to be lost, because dissipatively produced heat is 
conducted away isothermally,. 
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lute temperature to the right of B, that between A and B 
being 6’, and let us further assume for simplicity that 

e == CON Gta 
while y, the ratio of the two specific heats, is also supposed 
constant. It can then be shown without difficulty that the 
total energy per unit mass between A and B exceeds that to 
the right of B by 

Po 0’ — 0, He v 

Gee gees 22 


and multiplying this by p)V’, the mass of air which crosses 
one unit of the surface B in each unit of time, we obtain the 
rate (referred to unit area) at which the system is gaining 
energy. Again, the rate at which unit area of the piston does 
work on the system 


pO 
= v=po- pO” 
and equating this to the rate of gain of energy, we obtain 
19! vy! 
9 v= pV" cores OO) ign») 9 
a6 eas head Gray sae ® 


We may also write equation (8) in the form 
p'o( V!—v) = FP (p'8'— poo); Seertrrsag!( 10) 
PovVo 


and (7), (9), and (10) will then serve to determine V’, p', @ 
when ¥, po, % are given. Since we have taken all these 
quantities to remain constant throughout the motion, we see, 
as before, that at each instant all the necessary conditions are 
satisfied ; the principles of mass and momentum, together 
with our supposition that there is no exchange of heat, being 
sufficient to determine what takes place at B. Again, if ata 
time ¢t from the commencement of the motion we take the 
distance of B from A to be (V'!—v)t, so that initially B coin- 
cides with A, the initial conditions are satisfied. The assumed 
motion thus satisfies all the necessary conditions, and is there- 
fore the actual motion. 

8. If we compare the results of the last two sections with 
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those given by Riemann*, we shall find complete accordance 
so far as § 6 is concerned, though with §7 the case is dif- 
ferent ; and this may be easily explained. We cannot in 
general investigate the motion of a (frictionless) compres- 
sible fluid by means of the equations of continuity and 
momentum, without further making some supposition as to 
the exchange or non-exchange of heat, and so we usually 
assume either that the temperature remains constant, or that 
there is no exchange of heat: in either case (provided the 
motion is continuous), the pressure is a function of the 
density only. Ata surface of discontinuity there is not only 
the ordinary heating effect due to compression, but also, as 
we have seen, a dissipative generation of heat, and so, when 
applying the equations of continuity and momentum at such 
a surface, we must know what becomes of this additional 
heat. Now in all cases Riemann makes the assumption that 
the pressure is a function of the density only, and this is 
necessarily equivalent to an assumption concerning the trans- 
ference of heat. Throughout most of his treatment of waves 
of discontinuity Riemann assumes that temperature is 
constant and that Boyle’s law holds good; accordingly our 
§ 6 is entirely in harmony with his conclusions, in fact (4) 
and (5) are only particular forms of equations given by 
Riemann. Of course the hypothesis that a portion of gas 
ean be instantaneously compressed to a finite extent without 
any appreciable change of temperature, is not in accord- 
ance with experience, but provided we accept the assump- 
tion that the temperature remains constant throughout, all that 
Riemann says concerning the propagation of waves of discon- 
tinuity under Boyle's law will hold good. 

The assumption made in § 7, that there is no appreciable 
transference of heat, is probably much nearer the truth; but 
this is not in accordance with any assumption made by 
Riemann. When pressure is assumed to be a function of 
density only, and to vary with it according to the adiabatic 
law, 7t ts wrtually assumed that at the discontinuity just so 
much heat remains in the gas as would be due to slow adiabatie 
compression, while the further amount of heat which is dissipa- 


* Loe. cit. 
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twely produced is completely and instantaneously removed by 
conduction. But though Riemann’s results may thus be 
Justified by impossible assumptions concerning the diffusion 
of heat, we may more reasonably, following Lord Rayleigh, 
regard them as involving a destruction of energy. The real 
source of error lies in Riemann’s fundamental hypothesis. 
At the outset he supposes the expansion and contraction of 
the air to be either purely isothermal or purely adiabatic, and 
thenceforward he treats the air as a frictionless and mathe- 
matically continuous fluid, in which pressure and density are 
connected by an invariable law. But in general the existence 
of such a fluid is contrary to the conservation of energy ; 
for as soon as discontinuity arises, energy will be destroyed. 
9. It may not be out of place to conclude this portion of 
the subject by a short reference to a paper by Dr. O. Tum- 
lirz *. This author starts, as Riemann did, with the assump- 
tion that the pressure is a function of the density only, the 
law of pressure being further assumed to be the adiabatic 
law ; and in order to avoid Riemann’s error, he explicitly 
uses the principle of energy applicable to continuous motion, 
in place of the principle of momentum. But the foregoing 
discussion will have made it clear, I think, that the solution 
of the difficulty is not to be sought for in this direction. In 
addition to the assumptions*common to his own work and to 
that of Tumlirz, Riemann uses only the principle of mass 
and the principle of momentum ; and since by their aid alone 
he arrives at a completely determinate motion, it follows 
that any other motion consistent with the same arbitrary 
assumptions, and with the condition of mass, must violate 
the condition of momentum. We have seen, in fact, that 
there is dissipation of energy at a surface of discontinuity, so 
that the condition of energy applicable to continuous motion 
ceases to hold good. We are acquainted, too, with other 
instances where loss of continuity involves dissipation of 
energy ; for example, there is the case of one hard body 


rolling over another. 
As the result of his investigation, Dr. Tumlirz concludes 


* “Ueber die Fortpflanzung ebener Luftwellen endlicher Schwing- 
ungsweite,” Sttzwngsb. der Wien. Akad. xcv. pp. 367-887 (1887). 
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that as soon as a discontinuity is formed it immediately dis- 
appears again, this effect being accompanied by a lengthening 
of the wave and a more rapid advance of the disturbance. 
In this way, therefore, he seeks to explain the increased 
velocity of very intense sounds, such as the sounds of 
electric sparks investigated by Mach*. But it has already been 
pointed out [§ 3 (i.)], ie when density and velocity are every- 
where continuous eee of the coordinates, the front of a dis- 
turbance advancing into still air must travel forward with the 
velocity of infinitely feeble sounds. A greater velocity can 
only ensue when the motion has become discontinuous. 


Part IJ.—SpHERICAL WAVES. 


10. When plane waves of finite amplitude are propagated 
through a frictionless compressible fluid, discontinuity must 
always occur sooner or later, and a moment’s consideration 
will show that there are at least some cases when the motion 
in spherical waves becomes discontinuous ; the question arises 
whether in any case it is possible (in the absence of viscosity) 
for divergent spherical waves to travel outward indefinitely 
without arriving at a discontinuous state. This question was 
suggested to me by Mr. Bryan, who at the same time kindly 
handed me notes of his manner of attacking the problem. 
His method was to write down the exact iinedaneal equation 
for spherical sound-waves, and then to obtain successive 
approximations to the integral of this equation. If it appears 
that after any number of approximations the integral would 
remain convergent for large values of the radius, we may con- 
clude that our equation holds good throughout, and hence that 
no discontinuity arises. If, on the other hand, the second or 
any higher approximation becomes divergent for large values 
of the radius, it is probable that the motion becomes some- 
where discontinuous. This method I have not followed out; 
but by another method which is, I hope, sufficiently con- 
clusive, I shall now endeavour os show that discontinuity 
must always arise. 


* Sitzungsb. der Wien. Akad. \xxv., Ixxvii., Ixxviii. Cf. also W. 
W. Jacques |On Sounds of Cannon], Amer. Journ, Sci. 8rd ser. xvii. 
p. 116 (1879), 
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The case in which the motion loses its continuity compara- 
tively early requires no further consideration here ; we have 
only to concern ourselves with the case in which the initial 
disturbance has spread out into a spherical shell of very small 
disturbance whose mean radius is very great compared with 
the difference between its extreme radii. The equations 
applicable to the disturbance are then, very approximately, 


8 
usar, ea ecole eer es, AAS) 


u or anne for a given part of the wave, . (12) 


~ 


where p is the mean density, p+6p the actual density at a 
point where the velocity is u, and a is the velocity of infinitely 
feeble sounds in air of density p; 7 is as usual the distance of 
a point from the centre of symmetry. Let us consider two 
neighbouring points M and N, on the same radius, each being 
sized in a definite part of the wave, the point M being behind 
N (z. e. nearer to the origin), and the air-velocity at M ex- 
ceeding that at N by Aw. Then, as the wave advances, each 
part of it will be instantaneously moving forward with (very 
approximately) the velocity 


dp 
F+u 
/ B 


determined by the corresponding valugs of p and uw; so that 
M will be gaining on N at the rate 


NY Le an eee 
dp dp du 
approximately. We may admit then that the rate at which 
M gains on N is 
never < BAu, 
where B is a constant suitably chosen. 

Again, if Ajw is the difference between the air-velocities at 
M and N at the time t=0, and 79 is the corresponding co- 
ordinate of M, we may admit that 
Ary 


Aju 
mtat °”’ 


Aw is neyer < 
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“3 ° 2 . ry 
where A is a constant not very different from unity. Thus 
M gains on N at a rate which is 


Agu: 
never Abe een 


and between the times t=0 and t=é, the distance gained by 
M relatively to N will be 


4 dt 
at least ABAju sib ; 
o Tota 


1. @. at least ABAww-* log . (14) 


Pot oh 
0 
If B is finite and positive this expression increases indefinitely 
with the time, so long as the laws of continuous motion hold 
good. If Ayr was the distance between M and N at time 
t=0, the time required for M to overtake* N will be not 

greater than the value of t, given by 


—Agr=ABAyu “log gut, 
0 
or, when M and N are taken indefinitely close together at 
starting, by 


‘o + at u 
log ab oh tee . a 
r ro arJo 
, =p Cu Sa 7) 
1.€., we have t, Ens 08 ee —1 


which gives us a finite upper limit to the time required for 
discontinuity to set in, provided B is finite. As our assump- 
tions only remain approximately true so long as the motion is 
continuous, (15) -will only give an approximation to the time 
when discontinuity first commences, and accordingly the 
relation must be taken to refer to that part of the wave for 
which its right-hand side is a minimum. If B is negative 
(which is not the case for any known substance), the appro- 
priate part of the disturbance will be such that Qu/dr is 
positive. 

To determine approximately the value of B, we may refer 
to (13) and the inequality immediately following. If we 


* Cf. Lord Rayleigh, ‘Theory of Sound, vol. ii. p. 36. 
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assume Boyle’s law of pressure, so that ./ (dp/dp)=const., we 
have evidently 

B=1 very nearly. 
If we assume that the changes of density take place adia- 
batically, so that p op’ and y is nearly constant, the approxi- 
mate value of B becomes 


1+ ny on 
dp dp dp 


by means of (11) ; 


If, then, viscosity be neglected, we must conclude that under 
any practically possible law of pressure the motion in spherical 
sound-waves always becomes discontinuous, and @ fortéort the 
same will be true of cylindrical waves. But inasmuch as 
our result for spherical waves depends on the existence of an 
infinite logarithm in (14) when ¢, is increased without limit, 
we may conclude that for waves diverging in four dimensions 
(or, more generally, in any number of dimensions finitely 
greater than three) there would be some cases where the 
motion remained always continuous. 

11. The general question of spherical sound-waves of finite 
amplitude is by no means an easy one. In the case of plane 
waves we can write down at once from Riemann’s equations 
the condition that the disturbance may be propagated wholly 
in the positive or wholly in the negative direction. The 
respective conditions are * :— 


u=t og dlog p, 
ar, dp" 


vw Po 
where pp is the density of that part of the fluid whose velocity 
is reckoned as zero. No such simple criterion can be given 
for the existence of a purely convergent or purely divergent 
spherical disturbance ; a fact which may be readily seen from 
the equations for waves of infinitesimal amplitude. If ¢ is 
the potential of a purely divergent system of waves, we have 


[=o yy teeeetere tin <3 (LO) 


* Of, also Lord Rayleigh, ‘Theory of Sound,’ vol. ii. p. 35 (3). 
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where f is a function whose form is unrestricted. Let p be 
the ordinary density of the air, and p+6ép the actual density 
at a point where the coordinate is r and velocity w. We 
have, then, on differentiating (16) the well-known relations 


Ors 17G=D _ f(@—7r) ayn 
~ Or r ? : 
and ‘ 0 #( 
0 eee Ares 
Cp Oe ae Pat a . . . e . (18) 


From (17) and (18), 
op u \r?=f(at—r 
(ue ee ) =/f(at—r), 


whence differentiating with respect to 7, and neglecting small 
quantities beyond the first order, 


A(EB— Be (o2 a= rev 


bv (18) ; therefore 


agp  2u a dp Ou a 

por i ie eae of (ly Ue om ads (19) 
If, then, an infinitesimal spherical disturbance is to be purely 
divergent, this equation must be satisfied for every value of 
ry. But since the left-hand side involves dp/p as well as w, 
0u/d7, and 0 (log p)/d7, it is evident that the question whether 
or not the equation is satisfied for some particular value of r 
does not depend solely on the state of things in the immediate 
neighbourhood of this value, but is influenced also by the 
value of p corresponding to the undisturbed air. We must 
not therefore seek to characterize a purely divergent dis- 
turbance by a differential equation expressing that, with 
respect to the air at each point, the disturbance is wholly 
propagated in the positive direction of r. 

12. Not recognizing this, I had attempted to discover such 
an equation, and one step of the inquiry is reproduced here, 
for the sake of any interest which it may have. 

It is required to write down the differential equation of an 
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injinatesimal spherical disturbance, which is superposed on a 
purely radial steady motion. 

Though a steady motion extending inward to the pole 
would involve a violation of the principle of continuity, we 
may suppose that throughout a shell of finite thickness the 
distribution of density and velocity is such as would be con- 
sistent with steady motion ; the motion within such a shell 
would then continue steady, provided that its spherical 
boundaries were constrained to expand or contract in a 
suitable manner. In the absence of constraints the shell of 
steady motion would be invaded from without and from 
within by disturbances emanating from adjoining parts of the 
fluid, but, at points well within the shell, the character of the 
steady motion would necessarily be maintained for a finite 
time. 

Let ¢ be the potential of the steady motion. 

Let $+ be the potential of the actual motion so that 

ay and its derivatives are small. 

Let p, p be the pressure and density in the steady motion. 

Let p+ 6p, p+6p be the pressure and density in the actual 

motion, and assume that the pressure is a function of 
the density only. From the ordinary equations for the 
motion of compressible fluids we obtain 


j’ = -4 (8%), se etaBdss ose (20) 
(o"#=-1 ERA AV ad 


when small quantities of the second order are neglected. 
Subtracting (20) from (21), 


sp, B64 
p — —Yy— or or . ° . ° ° ° (22) 
Now 
Sp _ dp &p. 
0 dp’ p’ 
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therefore 


Ot p40. (p-nOnmran 


and the equations of continuity for the steady motion and the 
actual motion may be written 


oi _ dw 10. | |, ga) 


cy anre 

Bote) _ —(p+apyvrp+y)— (Sh + Sk) oe toe), 
whence by subtraction 
Again, 


aes oe ip) } 


SANA sh pm) 


expanding this and substituting in (24) we get 
Oop _ dp »— OP OF) Fog _ OP OV 
Baten 2) (=e ones 


oror 
BLT WB 
Tees nes Sor gr 2) 


Now differentiate (22) with respect to ¢ and we have, remem- 
bering (28), 


_yddd%_ lap d8 

or dr  pdp° ot’ 
In this equation we have to substitute the value of 98p/d¢ 
from (25), and if we then put y=wr, and perform the 


necessary reductions, we finally obtain as the differential 
equation satisfied by yr, 


2 
ox -—(¢ Ww) 2 x4 du PX + PURE Y GE x = 0: 
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where 
, ; dp ,. ; 
=the variable (in the steady motion), 
dp 


a Op | constant 


or. pr 9 
ya td(up) _2uBa__2u_2u da 
p or Or Mae aor 
ee ee ee 
2au 2 (“) ; 


if the steady motion in wot is a state of rest, w=0 and 
p is a constant, so that U=0, V=0, and our equation reduces 
to the ordinary form for small spherical disturbances, 


If, on the other hand, v=o , the motion may, through any 
finite distance, be treated as linear. We shall then have wu and 
p both constant, as well as a, and as before U=0, V=0. In 


that case 

Or seer OV Ov 

DNS Ai 47 St 2 = 

AYE (a? —u Jae - gee 0, 
and this, by a change of independent variables, is easily seen 
to be the appropriate form for small plane disturbances of a 
fluid whose motion is otherwise uniform. 


DIscUussION. 

Prof. A. 8. Herschel enquired whether the nature of the 
solution for plane waves of finite amplitude was similar to 
that for ordinary wave-motion? In the latter case every- 
thing depended on the instantaneous impulses, for these 
alone determined the nature of the wave. 

Referring to Mr. Bryan’s paper, he (Prof. Herschel) asked 
if the author could apply his equations to centrifugal fans. 
A particular kind of double fan had recently been tested, and 
gave very anomalous results which had not yet been explained. 

The President said Mr. Boys’s experiments on flying-bullets 
might have some bearing on Dr. Burton’s paper. If the 
conclusions there stated were correct, then the velocity of 
the air in front of a bullet should be ee than that of the 
bullet, even if the latter was travelling faster than ordinary 

02 
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sound-waves. He now asked Mr. Boys if his photographs 
gave any evidence of this. 

Mr. Boys said the fact that the photographs showed dis- 
turbances in front of the bullet proved that the disturbance 
travelled faster. In one case, where a large bullet was 
moving at a velocity rather greater than that of ordinary 
sound in the medium, the front of the disturbance was about 
half an inch in advance of the bullet. In another instance, 
where the bullet was smaller and the velocity greater, the 
distance which the disturbance was in advance of the bullet 
was somewhat less. In all cases, even when the velocity of 
the bullet was four times that of sound, the character of the 
effects remained the same. 

Dr. Burton replied to the points raised. 


XI. On a new and handy Focometer. 
By Protessor J. D. Everett, £.R.S.* 


Tuts focometer is designed to permit the distance of the 
“object” from the screen to be varied, while the lens 
which is to throw on the screen an image of the “ object ” is 
automatically kept midway between the two. This position, 
as is well known, gives both the sharpest definition and the 
simplest calculation. 

The instrument is constructed on the principle of the well- 
known toy called lazy-tongs. A number of flat bars (fig. 1), 
all exactly alike, are jointed together in such a way that half 


Fig. 1. 


Plan, 


of them are in one plane and the other half in a superposed 
plane. With the exception of the end bars, each bar in either 
plane is jointed to three of the bars in the other plane, one 


* Read February 24, 1893. 
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joint being in the middle and one at each end. The end bars 
are jointed at the middle and one end only. All the bars in 
the same plane are parallel, and the two sets together form a 
single row of rhombuses all equal and similar, a side of a 
rhombus being half the length of a bar. The system has only 
one degree of freedom, and its length is a definite multiple of 
the longitudinal diagonal of a rhombus. 

The joints are arranged in three rows, one down the middle 
and one along each edge, and the distance from joint to joint 
in any row is equal to this longitudinal diagonal. This 
«<ommon distance can be varied between very wide limits by 
pulling out or pushing in the frame, and we have thus a means 
of dividing an arbitrary length into any number of equal 
parts. I utilize only the middle row for this purpose, and 
utilize it only or chiefly for bisecting a variable distance. 

The pins on which the middle joints turn are continued 

Fig. 2. 


Elevation. 


upwards, as shown in fig. 2, to serve as supports for clips 
holding the object, the lens, and the screen. The lens is 
mounted on the centre pin, and the object and screen usually 
on the two end pins, as in fig. 2. In order to avoid flexi- 
bility, the clips are made short, and the pins, on which they 
are held by screws, rise only 14 inch above the frame. The 
base ofeach pin is a substantial disk (see fig. 3) which rests 
upon the table ; all the pins, not only in the middle row, but 
also in the two outside rows, terminate in such disks, which 
serve as the feet of the instrument, and slide upon the table 
when the frame is expanded or contracted. The pins’ are 
of brass } inch in diameter, and the bars are of 3-inch 
mahogany, 2 inch wide, and 13 inches in gross length. 
There are 18 of them, as shown in fig. 1 There are 9 
pins in the middle row ; and when the object and screen 
are on the two end pins, the distance between them is 


divided by the other pins into 8 equal parts, any two of 
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which should together make up the focal length. The 
unused pins are the most convenient handles for manipulating 
the frame. 


Fig. 3. 


A supporting pin. 


The screen may conveniently be a piece of white card a 
little larger than a post-card, and a square of wire-gauze 
about half as big may be used as the object; but a still 
better ‘ object’ is a cross of threads stretched across a square 
hole ina card. The light which passes through the square 
hole is very conspicuous on the screen before the correct 
distance is approached, whereas the shadow of the wire 
gauze is almost invisible. Two thin cards about the size of 
post-cards should be taken, a hole a centimetre square should 
be cut through both of them, and they should be gummed 
together with the cross threads between them, the threads 
being in the first instance long enough to project beyond the 

cards to facilitate adjustment while the gum is wet. Waxed 
carpet-thread, or any very stout thread with smooth edges, is 
the best for giving a conspicuous and at the same time a 
sharp image. As the cross will sometimes have to be raised 
or lowered, the hole should be much nearer to one end of 
the card than to the other, in order to give a greater range 
of adjustment in mounting on the clip. One thread should be 
vertical and the other horizontal, in order that their simul- 
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taneous focussing may serve as a check on the correct 
orientation of the lens. 

The instrument is intended to be used by placing it on a 
table of length not less than four times the focal distance 
which is to be measured. A lamp is to be placed either on 
one end of the table or on a stand opposite the end, at such 
a height that its flame is about level with the tops of the 
clips. The clips should be fixed as low as possible on their 
supporting pins, unless it is necessary to raise them to suit 
the height of the lamp. In default of a lamp at the proper 
height, an adjustable mirror may be used instead, and made 
to reflect a beam of light from any large gas-flame in the 
room so that the beam shall pass along the tops of the clips. 
When the lamp or mirror has once been adjusted to throw 
its light in the proper direction, it should not be disturbed, 
as all necessary adjustments can be better made by moving 
the instrument. 

.The lens and screen may conveniently be mounted first, 
and the adjustments made so that the light collected by the 
lens falls on the screen as a horizontal beam. The cross is 
then to be mounted in such a position that a bright patch 
corresponding to the square hole is seen on the screen, sur- 
rounded by the shadow of the card. The frame must now be 
extended or compressed till the image of the cross appears in 
the bright patch; and the lens, object, and screen should then 
be carefully set square by hand before the final adjustment. 
If the vertical and horizontal lines of the cross do not focus 
simultaneously, it is a sign that the lens needs setting square. 

The focussing having been completed, the distance of the 
object from the image is to be measured and divided by four. 
This will give the focal length ; and the calculation can be 
checked by measuring one or more of the four equal parts 
into which the distance is divided by alternate pins. Owing 
to slight play in some of the joints, or other mechanical 
imperfections, the theoretically equal distances may exhibit 
sensible differences, especially when the frame is nearly 
closed up; but the method of observation is so well con- 
ditioned that these inequalities do not practically affect the 
correctness of the result. 

In fact, if the distances of the lens from the object and 
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image, instead of being exactly equal, are a+ and a—2, 


2 aie 
the true focal length is = _ , and in taking it to be one 


fourth of the whole distance we are simply neglecting «? in 
comparison with a?. Suppose the two distances a+ and 
a—« to measure 204 and 194 inches, which is a larger 
inequality than is likely to occur, the ratio of x? to a? is 1 to 
1600 ; and this error is negligible, in view of the fact that 
the doubt as to when the image is sharpest involves an un- 
certainty in the focal length to the extent usually of more 
than one per cent. 

When the focal length does not exceed 10 or 12 inches, 
the instrument may be supported with the two hands and 
pointed towards a gas-flame, which need not be at the same 
level, but may be at any height. A fairly good measure- 
ment can thus be made by one person, if there is opportunity 
for setting the instrument down on a table or floor when the 
lens needs setting square, and when the final measurement 
of distance is to be made. The friction at the joints of the 
frame is just sufficient to keep them from working while the 
instrument is being carefully set down. The chief difficulty 
is from flexure. 

Instead of receiving the image on a screen, it can be viewed 
in mid air. For this purpose I mount the cross on one of 
the two end clips, and a piece of wire gauze about the size of 
the palm of my hand on the other, setting the wires at a 
slope of 45° by way of contrast with the upright cross. The 
end which carries the cross should be turned towards the 
strongest light; as this renders the cross more visible to an 
observer behind the gauze, and also renders the glistening 
wires of the gauze more visible when the observer stations 
himself behind the cross. The adjustment for focus is made 
by lengthening or shortening the frame till parallax is re- 
moved. This is a very convenient way of establishing 
experimentally the fact of the interchangeableness of object 
and image. 

The instrument ‘can also be employed to illustrate the 
general law of variation of conjugate focal distances, the lens 
being for this purpose shifted from the central pin to any one 
of the other pins, and the frame being then extended till the 
image is correctly focussed. Regarded as an optical bench, 
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the instrument is remarkably light and handy. Its weight, 
including screen, cross, wire-gauze, and lens, is 21b. 10 oz. ; 
and a lecturer can carry it through the streets of a town 
without inconvenience. 

The dimensions and number of bars of the instrument as 
exhibited are recommended as the most convenient for general 
purposes. Ten bars only were constructed for the first trials, 
and any number included in the formula 4n+2 might theo- 
retically be employed. 

In order to prevent looseness at the joints, it would be well 
to make the holes in the bars bear against a cone below and 
another cone above, with a very slightly tapering wedge for 
adjustment, as indicated in fig. 3. 

If the instrument were to be set up permanently in one 
place, guides might be used for compelling the middle row of 
pins to travel without rotation, or the pin on which the lens 
is mounted might be a fixture; but as long as portability is 
to be preserved, I do not think that any arrangements for 
automatically preventing rotation would be practically bene- 
ficial. It is only in the large movements which precede the 
final adjustment that rotation occurs to any injurious extent. 

The instrument has been constructed from my drawings by 
Messrs. Yeates of Dublin, and the cost is trifling. 


Discussion. 

Mr. A. Hilger thought the instrument was too flexible to 
be used for accurate work. 

Mr. Blakesley said it would be a great improvement if the 
pins could be prevented from rotating. For this purpose it 
might be advantageous to slot the heads of the pins so as to 
fit on a straight bar. He also suggested that by using a 
plane mirror close behind the lens the light would be reflected 
back and the length of the focometer could be reduced by 
one half. 

The President thought Prof. Everett never intended the 
instrument to compete, as regards accuracy, with the elaborate 
and expensive apparatus now used; but nevertheless the 
focometer was a very valuable one, especially for students’ 
work, and was particularly well adapted to impress upon them 
the facts relating to conjugate foci. 
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XII. A Aydrodynamical Proof of the Equations of Motion of 
a Perforated Solid, with Applications to the Motion of 
a Fine Rigid Framework in Circulating Liquid. By 
G. H. Bryan*. 


Introduction. 


1. In the whole range of hydrodynamics, there is probably 
no investigation which presents so many difficulties as that 
which deals with the equations of motion of a perforated 
solid in liquid. The object of the present paper is to show 
how these equations may be deduced directly from the 
pressure-equation of hydrodynamics, without having recourse 
to the laborious method of ignoration of coordinates. The 
possibility of doing this is mentioned by Prof. Lamb in his 
‘Treatise on the Motion of Fluids’ (pp. 119, 120), but he 
dismisses the method with the brief remark that in most cases 
it would prove exceedingly tedious. I think, however, that 
it will be admitted that the following investigation is more 
straightforward and simple than that given by Basset in his 
‘ Hydrodynamics,’ vol. i. pp. 167-178. 

The usual method presents little difficulty when the motion 
of the liquid is acyclic, because the whole motion could in 
such cases be set up from rest by suitable impulses applied to 
the solids alone; anda consideration of Routh’s modified 
Lagrangian function shows that in this case the equations of 
motion can be obtained by expressing the total kinetic energy 
as a quadratic function of the velocity-components of the solid 
alone, and applying the generalized equations of motion re- 
ferred to moving axes. 

If, however, the solid is perforated, and the liquid is circu- 
lating through the perforations, this method presents several 
difficulties. If the solid were reduced to rest by the applica- 
tion of suitable impulses, the liquid would still continue to 
circulate through the perforations, the “circulation” in any 
circuit remaining unaltered. From this and other cireum- 
stances we are led to infer that these circulations are not 
generalized velocity-components, but rather that the quan- 
tities xp are generalized momenta. Now the kinetic energy 
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of the system is naturally calculated as a function of the 
velocity-components of the solid and of these constant circu- 
lations (or the corresponding momenta) ; a form unsuited for 
obtaining the equations of motion. We ought either to have 
the kinetic energy expressed in terms of generalized velocity- 
components alone, or to know the “ modified Lagrangian 
function” obtained by “ignoring” the velocity-components 
corresponding to the constant momenta or circulations. Hither 
of these expressions involves constants which cannot be deter- 
mined from the ordinary expression for the energy alone, and 
to determine them in the usual way it is necessary to resort 
to arguments based on a consideration of the “impulse” by 
which the motion might be set up from rest. 

In the following investigation the equations of motion are 
deduced from purely hydrodynamical considerations, and from 
them the modified function is found. In §§ 12-16 the equa- 
tions of motion are interpreted for the case in which the solid 
is a light rigid framework and the inertia is entirely due to 
the eee of the liquid, and the results are applied to 
interpret the effective forces of the cyclic motion for a per- 
forated solid in general. 


General Hydrodynamical Equations. 


2. Let a perforated solid bounded by the surface 8 be 
moving through an infinite mass of liquid (density p) with 
translational and rotational velocity-components uw, v,w, p, q, 7, 
referred to axes fixed in the solid, and let x, Ky, #3... Km be 
the circulations in circuits drawn through the various aper- 
tures. Then we know that ¢ the velocity-potential of the 
fluid motion may be expressed as a linear function of the 
velocities and circulations in the form 


P= Uhut vy + whut Poy thy trhrt=Kbe + (1) 


where evidently ¢,=0¢/du &c., and the coefficients ¢,... 
depend only on the form of the solid. 

If dy denotes the element of the normal to S measured 
from the solid into the liquid, (/, m, n) its direction-cosines, 
then, in the usual way, we have 


of =I(u—ry + gz) +m(v—pe+re) +n(w—getpy). . (2) 
v 
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The six coefficients ¢,..., are single-valued functions of 
the coordinates, while the coefficients ¢, which determine the 
part of the velocity-potential due to the circulations are cyclic 
functions making 0¢,/dv=0 at the surface of the solid; these 
coefficients are supposed known for each form of solid, although 
their determination in any given case is generally beyond the 
range of mathematical analysis. 

3. Let a1, o,...0m be barriers drawn across the perfora- 
tions ; then, in the usual way, the kinetic energy of the liquid 
is found to be Z, where 


t= ~tp{| 922 8+ 4p2« || Sbdont+K, ES 


Here Z, is a quadratic function of the velocity-components of 
the solid, and is the kinetic energy when the motion is acyclic, 
and K is a quadratic function of the circulations. 

If the axes were fixed in space, the pressure equation 
(supposing no forces to act on the liquid) would be 


+92 +439,’=const., 

(where p, = com g, = resultant velocity of liquid). 
Owing to the motion of the axes, however, O¢/d0¢ must be 
replaced by the rate of change of ¢ at a fixed point, that is by 


whence the pressure equation becomes 


or +2 = (w= preg SP— (0 ap + 0 SE —(w— —«q+yp)82 


+}9,"= const. |. = » (a 


The Mutual Reactions between the Solid and Liquid. 


4, Let X,, Y;, Z;, Ly, M,, N, be the component forces and 
couples which the solid exerts on the liquid ; then we have 
evidently 


= (Vip, d8, i= {\ (ay mez) py dS. oe) 
To reduce these expressions to the required form, we shall 


have to resort to repeated applications of Green’s formula. 
Since the velocity-potential ¢ is a multiple-valued function, 
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it follows that in transforming volume integrals involving $ 
we shall obtain surface integrals over the barriers 01, o9,. .. Om 
as well as over S the surface of the solid. On the other hand, 
the pressure p; and the velocity-components 04/02, 0¢/dy; 
O0¢/0d2 are single-valued and do not contribute barrier terms 
to the surface integrals. Moreover, since the circulations « 
are independent of the time, 


OF = up. $id, +b. + 14, +95, 470, 


and 0¢/0¢ is therefore a single-valued function of the velocity- 
components of the solid satisfying Laplace’s equation. 
We also notice that 


= Se, ny—me = Soe on ee ee 


as may be at once seen by differentiating (2) with respect 
to u and p respectively. 

5, Substituting for p; in (5) in terms of the velocities, we 
have 


it 
x {lq —yr+ gt + (two similar) pus 
(5 we (S2) + (38) bias. er ey) 


The first line of this expression is, from (6), equal to 


lla, +s 
E- Be By oon 


by Green’s transformation. ce neme that ¢,, is inde- 
pendent of the time, this integral, taken throughout the liquid, 
Se 


= ial LG)» Cb) QOF poe 


1dQd_ LO Oss 


~ pdtou ~ pot ou - 
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By Green’s transformation the second line is equal to 


- \i\2 { (u—yr+ 29) = a + (two similar) i da dy dz 


2 — ||? («Se at 782) dex dy dz 


= If (u—yr + <q) 2 + (two similar) \ oP ae dy dz, 


which by a second application of Green’s transformation 
becomes 


=H (mr — nq) )pdS—Ex\\(mr—nq) do 
+ §{2( (u—yr +29) + m(v—ep tar) +n(w— aqtyp) ss 


=(\(mr —nq)odS — Sx{\(mr —nq)do +{] oe oe d$ 
by (2). 
Lastly, the third line of (7) is, by Green’s transformation, 


BdI7S , IH D'S , BH dS ' 
ll Beau t Bydaay T 3: ads p OYE 


OP as 


Hence, adding the several terms together, we have 


d okey 
Xi= ~ dt Qu 


+rf p\\mod S- S«p\\mdo} —9{f p\\npadS — L«p\\ndo} rae) 
Now by (6), 


. ff msas—p ff Ob gas | 
=Sep ii} Seeio—o||| gee bi + SP of} dw dy de 
all ooeao— Pao |{\{(e2) + soy +(22) hdedy de 


= >xKp \| oe o— oe 
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Therefore 


ee d Os Ot ote) 
X,= ace 3 + Sep (|(m— ae Jao 


+9 { S +3xp |\(n—82 Jac}. - + (9) 


6. In like manner we have 


= -{| eee ae 


+| | (u—yr+e q Sf —_ (two similar) b( (ny — mz) dS 


($5) + (S$) 3) ¥ (ny —ms)d8 


{2% 


“MoCE-B)-48-B)) 0s 
Alii y | (u—yr+<q) 2 + (two similar) } § a 
= ef (u —yr+ eq) 2 + (two similar) ) tS away ae 


+ {3+ + 9b 2 4 2) (y SP — 288 \dtvdy de 


JPET 


~ p dt op 
+ ff {a (u—yr +2q) + (two sim.) — Sf} (28 —Z S88 


~ |{{ [oe —p a (re Das 7 28) 


fe) t a fo) ] 
—(v—zp+ar Lee —ag+yp) L® | de dy dz. 
(v P wr) Oz Ww q+ yp) Oy ak ay 


to 
eameae, 


Remembering that in this expression one factor of the 
surface integral is zero at every point of 8, we have, by 
again applying Green’s transformation to the volume integral, 
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_d Os 
Bots Op 


+wt p\\inodS = S«p\\mdo} —vf p\\nddS = Se«p\\ndo} 
+ r{p{\(le—na) pdS — Exp\\ (le—nex)do} 
—4{p\\ (ma—ly) pdS—Sxp|\(ma—ly)do} . . (10) 


Now, just as before, 


alte —mx)pdS = p | (Se pds 
= Bap {| 22 da 
_((( (24 dba, 96 Be , 06 960) du dy de 
(|) & ae * By Bi + 32 >) he 
= SKp | es ov 


tov ranecr. 
Therefore, 
mid s0s 
ie fe 


=) {se + ~9 |\(m— 3 te : 
+v {ss + X«p || (n— oe) ao} 
=i ge ae ral (te—ne— 1) ae \ 


+9{ + Sp {| (me—ly— = do} sae LD) 


Application to the Equations of Motion. 


7. The equations of motion of the solid may now be written 
down at once. Let Z! be the kinetic energy of the solid, T 
the total kinetic energy =% +2 ; and suppose that the motion 
takes place under the action of a system of external impressed 
forces and couples designated by X, Y, Z, L, M, N. Then 
the effective forces and couples to which the motion of the 
solid itself is due are X—X, ..., L—L,..., respectively, and 
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the six equations of motion of the solid referred to the x moving 
axes are of the form 

dov_ ov, oF 

a Bt) ae "So Sa is =X—X,, oS ac (12) 


dt Op oe "Sw "9 el An 
Hence, on substitution, we see that the required equations 
of motion are found by writing T for J and X, Y, Z, L, M,N 
for X,, Y;, Z;, L,, M,, Ny in equadons (9) (11). The feats 


equations may be written : 


ay rs pe (13) 


= 70 a+) Hlb0 #2) JT aispdeseatls) 
L= 52° -v(2 os +) +o(S +6) 


-(S" +n) +4(2 +v), (15) 


where &, m, 8, X, », v are defined by the equations 


£=Zxp|| (1-28 )ao, be ay de nites 


A= xno || ( (ny— mz — 220 do, GEOG MUS CLT 


As Lamb has pointed out (‘ Motion of Fluids,’ p. 140), the 


ix quantities (&, 7, & », u,v) are “the components of the 
impulse of the cyclic fluid motion which remains when the 


solid is (by forces applied to it alone) brought to rest” *. They 
are linear functions of the circulations and their form depends 
on the form of the solid. If there is only one aperture they 
are all proportional to the circulation x. 


The Modified Lagrangian Function. 


8. We shall now show that the motion of the solid can be 
determined in terms of Routh’s modified Lagrangian function, 


* Our é, 7, ¢ A, my v are the same as the £5, mJ Coy Noy Moy Yo OF Lamb, or 
the €, 9, 8, &, Mt, N of Basset’s ‘ Hydrodynamics.’ 


VOL. XII. P 
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and shall find the form of this function for the system. 
Putting 
H=T+£u+nvt+Ww+rApt+tuqtwr+F(kp),. . (18) 


where F(«p) denotes any function whatever of the quantities 
Kp, we see that the equations of motion reduce to the standard 
form 


dt Ou. aAe nek j 


_40H_ oH, oH_ oH, oH 

The function H, therefore, plays the same part in deter- 
mining the equations of motion of the solid as the kinetic 
energy T in the case of an imperforated solid (or any solid . 
when the motion of the liquid is acyclic). It remains (i.) to 
determine what quantities are to be regarded as the generalized 
velocities if the quantities xp are regarded as generalized 
momenta ; (ii.) to find the form of the function F'(«p) in order 
that H may represent the modified Lagrangian function. 

9. Let y,, be the generalized velocity-component corre- 
sponding to the ignored momentum «,,p. Then, as Routh has 
shown (‘ Rigid Dynamics,’ vol. i. § 420), the modified La- 
grangian function H is of the form 


HST Sie Vai 0 ote en ee ee 


and therefore by equating the two expressions for H we must 
have 


Eut nut fwtrApt+ugtrwr+F (e)=—ZKpy. . . (22) 


Since y,, is the generalized velocity-component corre- 
sponding to the momentum Kmp, therefore 


H 
Of. Sey cee, 


fe) «King 
Now H is a homogeneous quadratic function of the six 
velocities (w...,...) and the momenta xp; therefore 


_ 49H _ 0H ote Hid oo he, BaD 


20> suse a dK “Pare = 3.88 aie’? . (24) 
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Hence, from (21), 


an 
0-Kp- 


The portions of T and H which involve only the momenta xp, 
and are independent of the six velocities (u..., p...), must 
arise from the terms S«py in the above expressions (24) (25), 
and must therefore be equal and of opposite sign in the ex- 
pressions T and H respectively. Hence, since from (8) 


T=2/+23,4+K, 
the portion of H which is independent of the six velocities 
(u..., p...) must be —K, so that 
H=2/+2,4+ (Eut+nv+ fwt+rApt+ugtvr) —K, 
=T +(Eu+nv+owt+rAptuqtvr)—2K, . . (26) 
and therefore Eilcp) = 2K es 3, eae Us 3120) 


The function F'(«p) does not enter into the six equations of 
motion of the solid, but its form requires to be determined if 
we wish to reduce the equations of motion of the whole 
system to the canonical or Hamiltonian form. 


H H 
oT =Suo= + Sxpy=Sud= — Kp . (25) 


The Generalized Velocities and Momenta. 
10. Comparing (21) with (27), we see that 
Depx=2K —(Eut+gvtgwtrAptpqtyr). » (28) 


Now equation (3) may be written in the form 
2(%,+K)= = Pf [oud + ph, +... + 2Kh,)dS 


+2 2 (ug, +...t+po tess + >Kd,)do. (29) 


But by § 2, 0¢,/d0v=0 all over the surface 8 of the solid. 
Hence, equating the terms independent of the six velocities 
(u...p++.) on the two sides of (29), we have 


2K =p) 2 (Sup,)da. jd eveabamee f5) 
P2 
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But by (16) (17), 
Eu+ nut Swot rp t+ mgt vr 


= — S| 2 (uby tee tpg, +.+)da 


+ Spl | {lu +mv+nwt (ny—mz)p+...$do. 
Hence, by (28) and (80), 


SKpX= xwo|\2 (up, +... +phyot+...+2Kh,)do 


cS L«epll{U(u —yr+2q) +m(v—zp +ar) +n(w—2q + yp) do; 


and therefore 


ee =(\8 —l(u—yr +29) = (two similar) )don, . (81) 


Now 0¢/0v is the velocity of the liquid resolved along the 

normal to the barrier o,,, and 
l(u—yr +2q) +m(v—zp +.ar)+n(w—2q + yp) 

is the velocity of the barrier o,, resolved normally to itself at 
the point x, y, 2, supposing the barrier to be fixed relatively to 
the solid. Their difference, therefore, represents the normal 
relative velocity of the liquid with respect to the barrier. 

Hence Ym represents the total rate of flow of the liquid 
across the barrier o relative to the solid; in other words, the 
generalized velocity corresponding to the ignored momentum 
Pkm is the volume of liquid per unit time flowing through the 
aperture relatively to the solid. 

This property is proved in a different way by Basset in his 
‘ Hydrodynamics,’ vol. i. page 176. 


The Form of the Modified Function. 


11. lt may be interesting to examine a little more closely 
the effect of the circulations on the motion of a solid. 

When the motion of the liquid is acyclic, the kinetic 
energy isa homogeneous quddratic function of (u, v, w, p, g, 1). 
In general it therefore involves 21 constants, but by a suitable 
choice of axes it is always possible to reduce this number by 
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six, and a further reduction may be effected when the body 
is symmetrical. When the motion is cyclic the kinetic 
energy must be replaced by the modified function which in 
addition contains the seven terms 


Eutnv+tw+rAptpgtvr—K, 


of which the last term does not enter into the equations of 
motion of the solid. The six coefficients (£,...A,...) are 
linear functions of the circulations, and they remain con- 
stant so long as only conservative forces act on the liquid, 
for the circulations themselves then remain constant. Hence 
the modified function H may be regarded as a non-homo- 
geneous quadratic function of the six velocities involving 
28 constants, of which 27 enter into the six equations of 
motion of the solid. 


Equations of Motion of a light thin framework of rigid wires. 


12. To take the simplest possible case, let us suppose the 
solid to consist of a network of infinitely thin rigid massless 
wires through the meshes of which the liquid is circulating. 
If the motion of the liquid were acyclic, the wires would 
simply cut through the liquid without setting it in motion: 
hence the kinetic energy 3’ + Z, of the acyclic motion 
vanishes, and the modified function becomes 

H=éu4+nvt Gw+Apt+tpgtwr—K,. . . (82) 
a result otherwise evident from the fact that Z, only involves 
surface integrals taken over the infinitely small surface of the 
solid, while &, 7, & A, », v being integrals taken over the 
finite surfaces of barriers are in general finite. 

If we choose as our axis of # the Poinsot’s central axis of 
the impulse whose six components are &, 7, & A, m, v, the 
modified function will reduce to the form 

H=Su+tAp—-K. ... . . (83) 

If there is only one aperture, &, 7,¢,>,,v are all pro- 
portional to the circulation « and the central axis of the 
impulse is fixed in position relative to the solid : if there are 
several apertures the position of the axis depends on the 
ratios of the circulations through the various apertures, but 
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throughout the motion it in every case remains fixed rela- 
tively to the solid. 


The six equations of motion (19) (20) now reduce to 


X=0, T=; 
Y=78, M=wE+rA, \ Ve ee 
Z=—4qE, N=—v5— A. 

Since these equations do not involve w or p, we see that no 
forces will have to act on the solid in order to maintain a screw 
motion whose axis coincides with the central axis of the impulse. 

13. To interpret the equations still further, let us suppose 
that w and p are both zero, since they do not enter into the 
equations of motion. Then the motion whose components are 
(0, v, w, 0, 9,7) consists of two screws whose axes are the axes 
of y and ¢z respectively, and, by the theory of screws, these 
are equivalent to a single screw whose axis is a certain 
straight line intersecting the axis of w and perpendicular to 
it. We may take this straight line as our axis of z, for 


hitherto we have only fixed the position of the axis of w. 
We have then 


vo=0, g=0. 
The equations (34) therefore reduce to 
xX=0; L=0; 
Y=78; Maer, | Soest eee LOO) 
ZL; N= 0: 


Hence the solid is acted on by a wrench (Y, M) whose axis 
is the axis of y. Thus the axis of the impressed wrench is 
perpendicular to the central axis of the impulse of the 
fluid motion, and to the axis of the screw motion of the body. 

Let IT be the pitch of the impulse, @ the pitch of the 


screw motion of the solid, P the pitch of the impressed 
wrench, then 


a= 


m=2, «=%, P=y, 
and therefore by (35), 
Pao + Besse oo, a eee) 
is the relation connecting the three pitches. 
In particular, if r = 0 the equations of motion give 


Z=0, elem 
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showing that a couple M about the axis of y will produce 
translational motion with velocity M/E along the axis of z. 

14. More generally, let the motion be a screw motion 
about an axis whose inclination to the axis of 2 is 6 and 
whose shortest distance from that axis is a. Take this 
shortest distance as the axis of y, and let the screw motion 
consist of a linear velocity V combined with an angular 
velocity Q, the pitch V/Q being denoted, as before, by a. 

Tt will be readily found that the six components of the 
screw motion are 


Bos g=0, 
w=VsinO—Qacos6, r=Osin 8, 


so that the equations (34) now give 


u=Vcos0+Qasiné, p=0cos8, 
beep 


K=O 70; 
Y=O08 sind, M=V8 sin €—Oak cos 0+OQOA4 sin | .(38) 
Jb N==0; 


The impressed wrench therefore has for its axis the shortest 
distance between the axis of the screw motion of the solid 
and the axis of the impulse of the cyclic fluid motion, To 
find the pitch of the wrench, we have, by division, 


Mia, A 
Ya Qt + 
that is, 
P=oa—acot04+I. .... .°*. (89) 


15, In the case of a fine massless circular ring A vanishes, 
or the impulse of the cyclic motion is purely translational. 
For it is clear that the axis of the ring is the axis of this 
impulse (the above axis of «), also the fluid motion will 
evidently be unaffected by rotating the ring about its axis; 
and therefore the modified function is independent of the 
angular velocity p. 

The equations (34) now become 


oe. t= (0; 
Y=r&, M=wB, (40) 
ZL=—dB, = — ve. 
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Hence a constant force Y along the axis of y causes 
uniform rotation with angular velocity Y/E about the axis 
of z, and a constant couple M about the axis of y causes 
uniform translational velocity M/E along the axis of z. 

It is to be noticed that the impressed wrench never does 
work in the resulting screw motion, in accordance with the 
principle of Conservation of Energy. 

16. The above results show the effective forces produced by 
circulation of the fluid on any perforated solid whatever. In 
the general case the modified function contains the quadratic 
terms Z/+ 7, in addition to the terms of the first degree con- 
sidered in the above investigation. If we suppose that the 
solid is moving in any given manner, the six equations of 
motion (19, 20) determine the components of the impressed 
wrench (X, Y, Z, L, M, N) necessary to maintain the given 
motion. This impressed wrench may be divided into two 
parts, one being due to the terms. ¥/+%, in the modified 
function, the other being due to the terms 

Eut+nut+ Gw+rap+pugqtvr. 

The first portion is the same as if the motion were acyclic, 
and represents, therefore, the wrench which would have to be 
impressed on the solid in order to maintain the given motion 
if there were no circulation. The second part represents the 
additional wrench which must be applied on account of the 
circulations, and the equations to determine it are of the forms 
found above. 

We notice, in particular, that if the solid has any screw 
motion whose axis coincides with the axis of the impulse of 
the cyclic fluid motion, the latter wrench vanishes; so that 
the forces required to maintain the motion are unaffected by 
the circulations. In other cases the additional wrench is 
about an axis perpendicular to the axis of the impulse. This 
is true whatever be the form of the solid and the number of 
the circulations ; but, as has already been pointed out, the 
position of the axis of the impulse relative to the solid is not 
in general independent of the circulations unless the solid has 
but a single aperture. 

It is probable that these results might be made to furnish 
mechanical illustrations of certain physical phenomena ; but 
with these we are not concerned in the present paper. 
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Note on the foregoing Paper. 


Concerning the proper measurement of the impulse of the 
cyclic motion, a difficulty arises ; for, as Mr. Bryan remarks, 
this motion cannot be set up from rest by impulses applied to 
the solid alone. Suppose, however, that we close each perfora- 
tion by a barrier in the usual way, and let the barriers be acted 
on by the impulsive pressures «,p, K.p,... respectively. And 
instead of these impulsive pressures being due to external 
forces, suppose that they are due to some immaterial mechanism 
attached to the solid. In general, an impulsive wrench must 
act on the solid to keep it at rest, and this wrench ts the 
required impulse of the cyclic motion; for the only other 
impulses acting on the system are due to the mutual reactions 
of the solid and fluid, exerted partly over the surface of the 
solid and partly through the barriers and attached mechanism, 
and such mutual reactions cannot affect the impulse. The 
wrench thus found is of course the same as would be 
obtained by supposing the impulses on the barriers to be due 
to external impulsive forces, and compounding with these the 
impulse then necessary to hold the solid at rest. This is in 
agreement with Prof. Lamb’s investigation, which Mr. Bryan 
has quoted. 

More generally, if the solid is in motion, and the liquid is 
also circulating, we may suppose the instantaneous motion to 
have been set up from rest by an immaterial mechanism con- 
necting the barriers with the solid at the same time that the 
requisite external impulses act on the solid. The resultant of 
these last is, as before, the impulse of the whole motion, and 
is identical with that found by supposing the barriers actuated 
by impulses from without, and compounding with these the 
impulse then necessary to give to the solid its instantaneous 
motion. . 

The same point may be further illustrated by supposing the 
circulations « to vary continuously during the motion. To 
effect this variation we may suppose finite uniform pressures, 
P,...P,,, to be exerted over certain ideal surfaces which 
occupy the positions of barriers. The rate of variation « of 
any circulation is given by P=«p, and in order that it may 
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take place without the direct operation of external forces and 
couples we may conceive the pressure P to be due, as before, 
to some highly idealized mechanism attached to the solid. As 
before, the only forces capable of modifying the impulse are 
the external forces acting on the solid ; and the equations of 
motion are therefore still to be found by equating the 
impressed force- and couple-components to the corresponding 
variations of the ‘“‘impulse.” Since we know the expressions 
for the impulse-components corresponding to a given instan- 
taneous motion of the solid and given circulations, we have 
only to remember that in these expressions the «’s are 
functions of the time, and, just as before, the equations 
of motion are directly deducible from Hayward’s formule. 
Equations (19) (20) of Mr. Bryan’s paper will thus be 
applicable to the present case, provided that in the value of H 
given by (27) the «’s are allowed to vary. 

An investigation proceeding from a consideration of the 
impulse of the whole motion is not so entirely satisfactory, I 
think, as the direct method given by Mr. Bryan; but, at the 
same time, this brief attempt to interpret the impulse of the 
cyclic motion may not be without interest.—C. V. Burton, 


Note added by the Author. 


Dr. Burton’s note is of much value as showing more 
exactly what is meant by the “‘ impulse” of the motion in the 
ordinary investigations given by Prof. Lamb, and, in a less 
intelligible form, by Basset. 

The equations of motion under finite forces may be deduced 
by equating the change of momentum in a small time-interval 
5¢ to the impulse of the impressed forces, taking into account 
the fact that in the interval 6¢ the origin has a displacement 
of translation (wét, vdé, wot) and the axes have rotational dis- 
placements ( péé, g8t, 7St), so that the final momenta are referred 
to a different set of axes to the original momenta. 

The mode of forming the equations of motion is given by 
Prof. Greenhill (Encyclopedia Britannica, art. “ Hydro- 
mechanics ”’) for the case of acyclic motion, but it is hardly so 
obvious why in thus forming the equations of motion of a 
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perforated solid, it is necessary to include in the “impulse” 
terms representing the components of the wrench applied to 
the barriers as well as to the solid. We may, however, sup- 
pose the changes which actually occur in the time 8¢ to have 
been produced as follows :— 

Ist. Let the solid and fluid be reduced to rest by an impul- 
sive wrench applied to the solid, and transmitted to a series of 
barriers crossing the perforations. The components of this 
wrench will be found to be 


or 


Bu + &, Goprineese Ge 5 


op 

2nd. The barriers being rigidly connected with the solid, let 
the latter receive small displacements whose translational and 
rotational components are (udt, vdi, wot, pdt, got, rd) and let 
the solid come to rest in its new position. The fluid will 
evidently also come to rest, and therefore no impulse will be 
impressed on the system by this change (as may be otherwise 
seen by supposing the change to take place very slowly). 

drd. Let the solid be set in motion with velocity-compo- 
nents (w+ Qu/dt.dt,... ptdp/dot.dt...) referred to the 
new positions of the axes, and let the circulations « be started 
in the new position of the solid by a suitable impulsive wrench 
applied to the solid and transmitted from it to the barriers. 

Then the impulse of the impressed forces (components 
X8t..., Lét...) is the resultant of the wrenches required to 
stop the whole system in the first process and to start it again 
in the third. 

It is, therefore, that impulse which must be compounded 
with the total impulse in the initial position in order to 
obtain the total impulse in the final position. 

Whence Hayward’s equations of motion follow at once (as 
shown in Greenhill’s article above referred to), and they take 
the form of the above equations (14), (15). 

If we were merely to stop the solid in the first process 
without stopping the liquid, the cyclic motion would cause 
the liquid to exert a pressure on the solid in the second pro- 
cess, and the impulse of this pressure would not be zero, but 
would have to be taken into account in forming the equations 
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of motion. It would be wrong, therefore, to deduce the 
equations of motion from the impulse applied to the solid 
alone, as is evident in the analogous case of a solid containing 
one or more gyrostats. 


DIscussION. 


The President said the author had done good service by 
attacking the difficult problem by elementary methods. He 
had also arrived at some very interesting conclusions, par- 
ticularly the one showing that a perforated body moving 
through a liquid required no force to keep up the motion. 


XIII. The Magnetic Field of a Cireular Current. 
_ By Professor G. M. Mincuty, 1.A* 


‘CrerK MAXWELL gives a method of drawing the lines 


of magnetic force due to a circular current (‘ Hlectricity 
and Magnetism,’ Art. 702) by means of a series of circles 
and a series of parallel lines. The object of the following 
paper is to show how these curves can be described by a 
slightly different method, and to exhibit the geometrical 
connexion of the series of circles. 

Let AQBQ' be the circular current whose sense is indicated 
by the arrows, the plane of the circle being that of the paper; 


Fig. 1. 


let P be any point in space, PN the perpendicular from P on 
the plane of the circle, and NAOB the diameter of the circle 
drawn through N. We shall calculate the vector potential of 
the current at P. 

* Read March 10, 1893. 
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Draw any ordinate, QQ’, of the circle perpendicular to BA; 
and consider two equal elements of length of the circle, each 
equal to ds, at Q and Q!. Resolving each of these along and 
perpendicular to QQ', we see that the latter components are in 
opposite senses, and hence their vector potentials at P cancel 
each other, since PQ = PQ’. If w is the angle QOA, 
a=radius of circle, i=current strength, the components 
of ids along Q'Q being equal and in the same sense, the two 
elements of bees at Q! and Q conspire in giving a vector 

2 cos 
PQ 
Hence the total vector potential at P is perpendicular to 
the plane PON. If, therefore, OA is the axis of «x, the 
perpendicular at O to the plane of the circle the axis of <, 
and the diameter at O perpendicular to AB the axis of y, 
the components of the vector potential being, as usual, denoted 
by F, G, H, the only component existing is G; but, by 
taking the components of the vector potential at a point 
indefinitely close to P in the direction of the axis of y, we 
easily find that 


potential 7 


.ds perpendicular to the plane PON. 


Hence if X, Y, Z are the components of the force of the 
current per unit magnetic pole at P, since this force is the 
curl of the vector potential, we have 


x=-@ y=0, 2-49, 
dry da «a 
where a (=ON) and y (=NP) are the coordinates of P. 
If along the line of force at P the increments of the co- 
ordinates are Aw, Ay, we have 
Bo RS 
Ay Z 
Hence along this line we have 


UR + EG ny + F a= 0, 
da dy 
i.€, G.a= constant along the line of force. 


We shall therefore calculate the vector potential, G, at P. 
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Evidently 


G=2i[ "SS oe a 


. cos yp. dp 
» Me +a? +y*—2ae cos p 


axe a +a+y 
— ‘| ee D) dy, 


denoting the denominator by D. Now let w=a—ao, and 
let p?=(4+a)?+9’, p?=(a—a)’ +4’, so that p=PB, p'=PA. 


Then 
nt (2 {pe eee 
a=x/'{ pam 2p \ de, 
SY kg bn [eee te 
a=a/1 (1 &) sin 5 
2 
Let o=2¢, and Pai: then, finally, 


Ce = {2K-B) -5)-K}, 


where K and E are the complete elliptic integrals of the first 
and second kinds with modulus &; so that the quantity in 


= Dire 


where 


brackets is a function of the ratio = simply. 


2 [2 
Also, since p?>—p”=4aa, we have a= ge and the quantity 


G .« which is constant along the line of force is given by the 
equation. 


G .a=ip{2(K—E) —/?’K}. 
It is thus seen that at every point in space G is of the 
1 U 
form Vp i )s so that at all points on the surface for which 


Pisa constant, the value of G will vary inversely as p. The 


f 
surface for which © is constant is a sphere having its centre 


on the line BA produced and cutting the sphere having BA 
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for diameter orthogonally. If we assign a series of values to 
! 
the ratio ©, we obtain a series of spheres having their centres 


on BA and cutting the given sphere orthogonally, the radius 
of each sphere of the series being, therefore, the length of a 
tangent from its centre to the sphere described on BA; for, 
given the base, BA, of a triangle, and the ratio of the sides, 
the locus of the vertex is a circle whose diameter is the join 
of the points which divide BA internally and externally in the 
given ratio. The surface locus of the vertex is the sphere 
generated by the revolution of this circle. 

On account of the symmetry of the current round its 
axis through O, the lines of force and those of constant 
vector potential are the same inall planes through the axis. 


Fig, 2. 


We may, then, confine our attention to the plane PON, 
and suppose fig. 2 to be in this plane, the current being 
in this figure represented in projection by the line BA. 
Describe a series of circles having their centres on BA pro-« 
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duced and cutting the circle described on BA as diameter 


orthogonally. Along each of these circles, then, the ratio ne 


is constant, P being any point on the circle. 
Consider first the lines of constant vector potential. For 


each of the circles let the value of the quantity ? (K—E)—K 


be calculated. Denote this quantity by Q for any one circle ; 
then 


A(jia 
p 


C= ; 
so that if we wish to trace out the line of constant vector 
potential for which G has any given value, we can find the 


point, P, in which it cuts any circle of the series by measuring 
the length PB such that 


_ 4Q5 
PB = <a: a. 


Let PT be any circle of the co-orthogonal series cutting BA 
at mand m. Then for this circle 


je ee 
p Bn mB’ 
and if this ratio is denoted by s, it is well known that 
CARL 
CB : 


where C is the centre of the circle. Now the modulus, k, of 
the elliptic integrals which belongs to the circle mPn is 


a & 
(—pe , 2.€. k®=1—s?; hence 


Sees 

= Bo’ 
or the square of the modulus is inversely proportional to the 
distance, BC, of the centre of the circle from B. 

The circles employed by Clerk Maxwell in drawing the 
lines of force can be easily shown to be this co-orthogonal 
system whose centres are ranged along BA produced. For, 
his rule is to assign a series of values to 6, and construct 


ki 
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a series of circles whose centres lie on BA, the radius of 


each being 5 (cosec 0—sin @), while the distance of its centre 


from O is 5 (cosec 8+sin 6) ; the modulus belonging to this 


circle is sin @. For the series of circles he then calculates 
the values of the expression (constant for each circle) 
eae and the point on each circle which lies on any 
assigned line of force is found by drawing a certain right 
line perpendicular to BA. It is at once found that this 
series of circles is precisely the co-orthogonal system above 
deseribed ; but Clerk Maxwell’s modulus is not the same 
! 

function of the ratio 2 or of the radius of the circle selected, 
as that adopted above; for, with Clerk Maxwell, if 7 is the 
radius of any circle of the series and & the corresponding 
modulus, 


whereas above we have 


ti a ecm IN 


Of course (as stated in a note by Clerk Maxwell) the elliptic 
integrals depending on the one modulus can be transformed 
into elliptic integrals depending on the other; and in this 
case the transformation is the well-known one of Lagrange. 
But the constructions for the points in which any given line 
of force cuts the series of circles will not be the same in both 
cases—those of Clerk Maxwell depending on a series of right 
lines perpendicular to BA, and those above indicated de- 
pending on a series of radial distances from B, 

When we propose to draw the line of constant vector 
potential through any point, P, which lies on a circle whose 
constant is Q,, let PB be py; then the point, R, in which this 
line meets any other circle, whose constant is Q, is found from 
the relation 


ood 
reg reyy 
where p=BR. 
Viole xls Q 
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This latter method has a certain advantage for the eye, 
inasmuch as it enables us to see readily those circles of the 
series outside which the line of constant vector potential 
through any proposed point lies. 

Consider now the lines of foree. With the above value of 
Q, the quantity which is constant along a line of force is 
p.k’Q, so that on each of the above circles in fig. 2 we must now 
mark the number 42Q. Denote this by Q’. Then the above 
relation for points on the same line of constant vector potential 
becomes for the lines of force 

Qo’ 
el @ 2 
and the construction proceeds in the same way. The con- 
stants, Q’, for the above series of circles, beginning at the 
innermost, are :— 


‘A841; -4301; °3775; °33896; -2782 ; :2376; °1954; °1727. 


The values. of the Q’s diminish outwards for the circles; so 
that if we consider the line of vector potential at any point, 
S, suppose, which is such that SB is greater than the distance 
from B of the point along AC in which any circle interior to 
that passing through S§ cuts the line BAC, it is at once obvious 
that the line of vector potential which belongs to 8 is wholly 
outside all such circles. The numerical values of Q for the 
circles in fig. 2 are marked at the circumferences, and as much 
of the line of potential belonging to P is drawn as is justified 
by the number of circles represented in the figure. 

The fundamental proposition of electromagnetism is that 


jo 2 
Fig. 3. 


A ip Q B 


12 
0 


the intensity of magnetic force produced at any point in 
presence of electric currents is the curl of the vector potential 
at the point. But if in the field there is a current in an 
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infinitely long straight wire, AB, we find that at ev ery point 
in the field a vector potential aide to this current is infinite. 
Hence it seems impossible to deduce the magnetic force, and 
the lines of magnetic force, from the above finnentel pro- 
position. This? result is unsatisfactory, and it manifestly points 
to some defect in our definition of the vector potential. 

We are presented with a similar unsatisfactory result in the 
general theory of gravitation potential. Thus, taking the 
common definition of gravitation potential, if ABi isa limited 
uniform bar attracting according to the law of inverse square, 
we know that the eect w ah it produces at any point, 


P, is proportional to log (cot > cot a where A= / PAB; 


B=7ZPBA. Now, if the rod extends to infinity, this ex- 
pression becomes infinite. I have shown (‘ Statics,’ vol. ii. 
Art. 332) how this difficulty arises, and how it is to be 
remedied by mending the definition of potential. The diffi- 
culty is avoided in a similar manner with regard to the vector 
potential. 

Thus, since we are concerned only with differential co- 
efficients of the vector potential, the ordinary components, 
F, G, H, of this vector may have added to them any constant 
quantities whatever. This amounts to saying that the vector 
potential at any variable point, P, in the field is the vector 
potential at any fired point, O, plus the vector difference 
between Pand O. It does not matter whether the vector 
at O is infinite or not: it is a constant in the field. As in 
the general gravitation field we are concerned with differences 
of potential only, so in the electromagnetic field we are 
concerned with vector differences only. 

Let us, then, calculate for the infinite straight current AB 
the vector difference between P and a point O on the per- 
pendicular, Pp, at a constant distance Op=a from the line. 

Let Pp=7, and let an element, ds, of the line AB be taken 
at any point, Q; let ZpPQ=@. Then the vector difference, 


; wm: ds 
due to this element, at P is QP ~ Qo” or 


, dé 
4 V7 + (a?—7”) ) cos’ “cos 0° 
Oe 
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Double the integral of this from 6=0to d= a is the vector 


difference at P due to unit current in AB. Expanding the 


2 2 
é a—r 
radical in ascending powers of X (= a ), we have the 


vector equal to 


y 2.4.6 


; 
=N—GN + BM — EM oe 


and this=log,(1+2)=2 log. Thus, then, the vector dif- 
ference at any point, P, is measured by 

C—2 logr, 
where C is a constant; and this gives the known value of 


the magnetic force at P, viz., — a (where (x is the vector 


potential), perpendicular to the plane PAB, 2. e. *, where & 


isa constant. In this way, then, the inconvenience of deal- 
ing with an infinite vector potential in presence of an infinitely 
long (or very long) straight current is avoided. 

The lines of constant magnetic potential, or the loci of 
points, P, at which the given circular current subtends a 
constant conical (“solid”’) angle, are the orthogonal trajec- 
tories of the lines of force, and can be drawn when these 
lines are drawn. 

It is not easy to draw these equipotential curves independ- 
ently, or even to deduce their typical equation from that of 
the lines of force by the mathematics of orthogonal trajec- 
tories. 

The magnitude of the conical angle subtended at any point 
by a given circle can be expressed in finite terms by means 
of complete elliptic integrals of the third kind. The para- 
meter involved in these integrals will depend on the way in 
which they are taken. 

If a sphere of unit radius is described round P as centre, 
and lines are drawn from P to the points on the circum- 
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ference of the given circle, BMAI, fig. 4, these lines will 
intercept on the sphere a spherical ellipse, dma, whose area 
is the conical angle subtended by the circle at P. The minor 
axis of this ellipse is the great circular arc ab determined by 
the lines PA, PB, while the major axis, mi, is determined by 
the chord, MI, of the circle which subtends a maximum angle, 
MPI,at P. This line is determined by drawing the bisector, 


Fig. 4. 


PC, of the angle BPA, meeting BA in C; then MI is the 
chord through © perpendicular to the plane BAP. The 
point cin which PC meets the surface of the sphere is the 
centre of the spherical ellipse. 
Now, given any curve, mpi, fig. 5, on a sphere of unit 
Fig. 5. 
4 


™m 


radius, its area is ja cos 8)d¢, where, if 0 is any point on 
the sphere inside the area, @ is the circular measure of the 
spherical radius vector op drawn to any point, p, of the curve, 
and ¢ is the angle between the radius op and any fixed are, 
oa, drawn ato. If, as said, the pole o is inside the area, 
goes from o to 2a; but if 0 is outside the curve, the area has 
a different expression, viz.: 


r cos Od¢, 
“0 
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the longitude angle @ obviously starting and ending with a 
zero value. If o is on the curve, the expression for the area 
is again different. 

In calculating the area of the above ellipse it would be 
natural to choose for pole (0) the point n in which the sphere 
is cut by the line PN; but this leads to difficulties when the 
position of P is such that n falls on the ellipse. This will 
happen when P is on any perpendicular to the plane of the 
circle of the current drawn at any point on its circumference; 
and, moreover, the choosing of n for pole will lead to expres- 
sions for the conical angle which present its values in forms 
which are apparently discontinuous for points P which project 
inside and outside the area of the given circle BMAI. Such 
discontinuity must not exist, and to get rid of it from the 
expressions requires troublesome transformations of elliptic 
integrals of the third kind. 

We must, then, choose for pole a point which is always 
inside the spherical ellipse. The simplest point is the point 
o (fig. 4), in which the sphere is cut by the line PO which 
joins P to the centre, O, of the given circle. This point is, 
of course, always inside the ellipse. 

Let, then, Q be any point on the given circuit, and p the 
point in which PQ cuts the ellipse. Taking for the fixed 
plane of longitude through o the plane baP, or BAP, and 
denoting the angle poa by @, the area of the ellipse is 


ie —cos op) dd, i. e., 27— “eos op .dd. 


Denoting, as before, the position of Q by the angle y, or 
QOA, we easily find, if PN=z, PO=r, ON=za, 


"2 
db= + Cd 
2° +2? sin’ vy 
7? —ax cos 
PS 7 + a? —2ax cos p’ 


Cos op= 
Hence 


2a v 2 
: : 1” — ax COS ad 
cos op .do=2z —— Sie : a fic 
0 0 Vr 4a? —2ax cos yo +e sin vv 
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Putting p=a—y, this becomes 


2 ( — i Sin? = 7 Sr Dat eee 
: ; ppt ibe hue 
0 : p Jie sin’ i sacle 
12 
where, as before, p=PB, p'=PA, and ?=1— as If we put 
¥=2e, this becomes 
e Pe des 
? | (PA+ pA Jame sin? 2@’ 


where A= V/1—F’ sin’ o. 

To reduce this te elliptic integrals, we muSt resolve the 
fraction 1/z*+ 2? sin” 2 into two fractions. It is easily found 
that 


+2” sin? 2o=2* + 427 (sin? @—sint w) 
=(VW24 04+ 2e—22 sin? @)(V 2 +e?—wx + 2e sin? w). 


Let v denote the sine of the angle between PO and 
the axis of the current (or PN); then the expression, after 
resolution into partial fractions, becomes 


bol 


2 (3 v2 —a?\( i it ) 
xl pat pa J ayer sin’ + 1+v—2yr sin’ dw. 
0 


The portion of this expression which has A in the deno- 
minator is at once the sum of two complete elliptic integrals 
of the third kind; and the portion which has A in the nume- 
rator is easily reduced to the same form, The result is 


z{2sr+a r—a 
ane + yg) 


where N= 1—vy + 2vsin’, and N! is the value of N when v 
is changed to —v. Hence we have two elliptic integrals of 


the third kind, one with (=. t) for parameter and mo- 


4 


tl 


dulus, and the other with (=, t). In the usual notation, 
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then, we have for the complete expression of the conical 
angle subtended by the circuit at P the value 


2zfrta 2v r— 
an (is t) = tay n(—, ky}. 

Of course it is not pretended that this expression is the 
most convenient for the purposes of calculation: the approxi- 
mate value of the conical angle which is given by a series of 
spherical harmonics is that which should be employed; but 
it may be well to give the complete expression in the above 
form, which I have not seen published anywhere. 


DISCUSSION. | 


Prof. Perry thought the problem had been very prettily 
worked out, and hoped Prof. Minchin would be able to extend 
the solution to cylindrical coils,—a subject in which he (Prof. 
Perry) had long been interested. 

Mr. Blakesley said Mr. Niven had pointed out to him that 
the locus of points for which the ratio p'/p is constant was an 
anchor ring. 

Prof. Minchin maintained that the locus was a sphere, and 
on this subject a short discussion arose, in which the Presi- 
dent, Prof. Perry, Prof. Minchin, Dr. Burton, and Prof. 8. 
P. Thompson took part. 

Dr. Sumpner described a method of drawing the lines of 
force of a circular current, or of any circuit, symmetrical 
about an axis, by a purely experimental and graphical 
process. The strengths of field were first determined at 
several points in the plane of the current, and from these 
results the points through which lines of force were to pass 
in order that their distribution might indicate the strength of 
the field at all points were graphically deduced. 
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XIV. On the Differential Equation of Electrical F low. 
By T. H. Buaxestey, JA.* 


THE object of this paper is to point out that the theory 
of electrical discharge, as exemplified in the mathematical 
expressions employed to represent the physical facts, is 
incompetent to explain all the phenomena observed in ex- 
treme cases; and to show that the admission of certain 
properties of matter not usually recognized is the only way 
of satisfactorily obviating the imperfection of the existing 
views. 

In some of the investigations I shall not employ exclu- 
sively algebraical symbolic methods, but, where it may more 
advantageously be adopted, I shall avail nyself of the geome- 
trical method. Such cases most frequently arise where magni- 
tudes under consideration are capable of having negative 
values. All tidal effects, using the word in its most general 
sense, involve such magnitudes. 

Electrical currents in a given conductor may have all 
possible values in one direction or in the opposite direction, 
but are otherwise restricted. 

The projection of the line joining two points in space 
upon a fixed straight line is a geometrical magnitude of this 
sort. With respect to the direction in space, sometimes one 
of the projected points will be on one side of the second 
projected point, sometimes on the other. So that such a line 
has all the properties necessary for representing another 
magnitude of the same character. 

In this way I shall most generally make the projection 
represent Hlectromotive Force, but occasionally Field of 
Magnetism at a point. As to matter of nomenclature, 
the only scientific term which I shall employ admitting of 
any doubtful interpretation, is the Effective Electromotive 
Force. By this term I intend to convey the idea of that 
electromotive force which is numerically equal to the product 
of the current and the resistance, at a point of time. Asa 
department of State has recently employed the term in a 


* Read March 24, 1893. 
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totally different sense, this statement has appeared to me to 
be necessary in the interests of proper explanation. The 
effective electromotive force is the algebraical sum of all the 
impressed and induced electromotive forces, and is here 
represented by HE. If V is the sum of all the impressed 
electromotive forces and F is the sum of all induced electro- 
motive forces, then the equation among these quantities is 
V+F=B5 universally. 

Geometrically, if AB, BC are lines whose projections on 
some one fixed straight line represent the sum of the im- 
pressed and the sum of the induced electromotive forces 
respectively, then the projection of AC will represent the 
effective electromotive force. 

The three lines must form the sides of a triangle, those 
corresponding to the impressed and induced electromotive 
forces being taken the same way round the triangle, that 
corresponding to E being taken in the opposite direction. 

Now if the actual changes in the magnitudes are harmonic, 
and of the same period, it is clear that the lines A B, BC, 
AC must remain of constant length and the triangle must 
rotate in its own plane at a uniform rate of such a value as 
to perform a complete revolution in the period of the har- 
monic change. The triangle thus shows admirably the way 
in which these magnitudes succeed one another in phase. It 
also follows from the properties of harmonic motion that if 
two magnitudes have the same harmonic period, but differ 
in phases by a quarter of the whole period, the corresponding 
lines to be projected are at right angles to each other. And 
hence the rate of variation of an harmonic magnitude differs 
in phase from the magnitude itself by a quarter of the 
period. But in the simplest case of a circuit being plied 
with an harmonic electromotive force V, it is generally 
considered that the induced electromotive force varies as the 
rate of change of the current ; that is 


gan dCos. haley 
NT (aay amie 


dt 
where C is the current, R the resistance, and L is the 
coefficient of self-induction. 


for H=RC, 
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The equation already given then becomes 


Maltiplying through by O and integrating through a com- 


plete period, 
fve aL (OG, Peat R| car 


The first term represents the work done by the source of 
the disturbance. 

The second term vanishes. 

The third term represents work done in heating the 
circuit. 

Hence the whole work done has gone to heat the circuit. 

Now it is admitted on all hands that when the period is 
sufficiently short a radiation of energy into space takes place. 
A portion of this radiated energy is sometimes caught by 
means of a neighbouring circuit and converted into heat. 

A coefficient of mutual induction and a corresponding’ 
extra term is then introduced into the equation. But are 
we to suppose that radiation would not proceed into space 
were there no neighbouring conductor? Itis against proba- 
bility, against the electromagnetic theory of light. 

If electromagnetic waves are capable of being sent into 
space, we can no longer look upon the operation of establish- 
ing a current in a circuit as analogous to bending a stiff 
spring or displacing rigid wheelwork. The wheelwork must 
have indiarubber spokes or teeth, 

The above equation takes no account of this radiation which is 
expended outside the wire, nor of any other work done else- 
where than in the conductor ; and this latter the equation 
states to be exactly equal to the energy expended in propa- 
gating the electromotive force. Hven supposing a portion of 
the field is occupied by some material whose passage through 
a cycle of magnetization involves the loss of energy, in ihe 
form of heat, Sey equally with wave-propagation through 
space occupied by perfectly elastic matter, will not be 
accounted for by the equation. 
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Now of such phenomena as radiation of energy in electro- 
magnetic waves, or absorption of energy in the field, there is 
ample evidence. Therefore an equation will not meet such 
cases in which the induced electromotive force is taken as 
entirely in quadrature with the current, or when F is wholly 
of the form — fe 

Hence, in the geometrical representation it is clear that 
the induced electromotive-force line must 
not be exactly at right angles to that of 
the effective electromotive-force line ; 7. e. 
the angle BC A is not exactly a right angle; 
and it is easy to see that it must be greater 
than a right angle, for BC may be resolved 
into BD.DC, where BDC is a right 
angle and AC D is one straight line. For 
then the whole work done is equal to 


pened nse The work done in heating 
2R Pulte 
the conductor is Boe ae and the differ- 


AC.DC 


ence, or the work done in the field, is mane ak 


Hence, if D lies on the side of C neurer to A, A D would 
be less than A C, and the work done by the discharge would 
be less than that required to heat the conductor: in other 
words, energy would have to be received from space. 

Hence the induced electromotive forces may be represented 
by two components—one B D in quadrature with the current, 
and one D C in opposition to it, 

dC 
—L apes AC, 
where X% may or may not be a constant, but is in kind a 
resistance. 

The equation among the electromotive forces may be 

written 


vy a1 22 Sxee Re. 
dt 
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Multiplying through by Cdt and integrating through a 
complete period, 


fvou—nfe a ae dt = 2 Rca + face 


The second term on the left vanishes as before, the first 
term representing the whole work dove. On the right the 
first term heats the conductor and the second term gives 
energy to space. , 

We may go somewhat further into the causes of such an in- 
duced electromotive-force component if we 
employ the geometrical mode of symboli- 
zing the electric quantities. BC, the induced 
electromotive-force line, should be at right 
angles to the induction through the circuit, 
for it is the rate of increase of the latter D 
which produces the former. Hence if A E 
is a perpendicular let fall upon BC pro- © 
duced, A E will represent the phase of the 
magnetic induction. But AC being in 
phase with the current is in phase with the 4 
field. Hence EAC, or CBD which is 
equal to it, is a magnetic phase-lag, and A E may be said to 
be in phase with the effective field, and therefore with the 
induction. This suggests that if we ee the lower lines of 
the figure to represent jields, we may make up a triangle 
ACE such that A Cis the impressed field, 
CE an induced field, and A E an effective 
field, of course when, as usual, projected on 
a fixed line ; C E being perhaps, though by 
no means certainly, at right angles to AE, Eg 
However, whether CE here has in any 4 
case two components perpendicular and 
parallel respectively to A H or not, it appears very certain that 
the perpendicular component must exist. Assuming at first 
that it alone exists,— 

If we employ small letters :— 

v for impressed field = AC, 
f for induced field =CEH, 
e for effective field =AE, 


B 


a 
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1 = coefficient of magnetic self-induction, so that 


and w for the permeability, I for the rate of magnetic induction, 
i.e. per square centim., we have 


ee 
ei ange! 


To obtain an equation of energy from this we must multiply 
not by I, as analogy would at first sight perhaps dictate) b 
va SY SE ASE Mf 


ore dt x cross section, for the formula for energy is 
¢ 


[Pie | = [el 8t tnt || wr lat? me It 
= | Fieta | [a } 
feta \(¢ ) de lee dt. 

dt 


Here the term on the right hand disappears necessarily, 


2 
and the work expended, if any, is equal to i\ *) dt. Hence 


this work vanishes only if /=0, 2. e., if there is no component 
field in quadrature with the induction ; a curious antithesis 
to the electric problem. If there were a field induced in 
phase with the induction, it would not result in the dissipa- 
tion of energy. No argument for such a state of things can 
be drawn on the score of loss of energy. 

If the phases of magnetism in any cycle coincided with the 
phases of field, there could be no such thing as hysteresis ; 
and, further, no radiation of energy from an alternating 
magnet. 

But both these phenomena have been for many years recog- 
nized. It follows, therefore, that when induction through 
any space changes, a magnetic field is induced acting Cee 
to the change, 

Now it may be noticed that the tangents of the angles of 
lag, whether electric or magnetic, involve a POs eter in 
their numerator and the value of the period in their denomi- 
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nator. They therefore become larger as the period is made 
less. It might therefore happen that extreme rapidity of 
change would be necessary before a lag of current or of in- 
duction could be detected. Electric lags, or, at all events, the 
coefficients of self-induction can readily be measured. Mag- 
netic lags have been measured by the author in certain cases 
by special artifices, but when we deal with a medium of small 
permeability, as air, the period must be extremely minute to 
make the lag-angle sensible, and as yet no machines possess 
a sufficient frequency to effect it. Recourse has been had to 
the rapid oscillations which take place when a Leyden jar is 
discharged. In these cases the radiation has been frequently 
caught and approximately measured, and it is therefore in 
these very cases that the rectification of the formula becomes 
important. 

I propose to investigate by geometry and otherwise the 
conditions under which a Leyden jar is discharged. Geo- 
metry especially will afford an excellent and graphic insight 
into the question of the oscillatory discharge. 

As in the case of the sustained discharge, I shall first take 
the usual formula, obtain the geometrical illustration of it, 
and, observing where the defect shows itself, pass by an easy 
transition to the truer state of things. 

In the case of the discharge of a condenser through a simple 
circuit removed from proximity with any other, we have the 
following equations to deal with :— 


The general equation V+F=H,. . .... . @) 


He ROME LE cy. ss 
F See Sie i) nt 
nas dV ™ 
G Sa . s. (iva) 


where 
C is the current discharging the condenser ; 
K is the capacity of the condenser ; 
L is the coefficient of self-induction ; 
R is the resistance ; 
F is the induced electromotive force ; 
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E is the effective electromotive force ; 


V is the potential difference of the plates of the con- 
denser. 


Eliminating E and F from (i.) by means of (ii.) and (iii.), 


v-L& _Ro=0. rae ee 
Differentiating, 
dV aC dC 
dt deh, =eaedtemee! 
and substituting for ae from (iv.), 
vei ey Oi 
Ke de dis 
or 
dC PC 
C+KR--+LK— =, 
the differential equation of C. 


Since C= “ , it follows that the equation 


B+KRO 7 URS ==() 

is also true, and therefore is the differential equation of E. 
Again, from (v.) and (iv.), since iS =-K7, obtained 
by differentiating (iv.), 

v+RKo yLKoy 


de = Ih 
This is the differential equation of V. 
Thirdly, differentiating twice the equation 
V+F—RC=0, 
2 2 2 
8 + gs Pag =O 
from (iii.) by differentiation it isseen that 


pas SS 
da Tid? 
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and from (iv.), 
OEY cmecrec tle 


a Kode 
LE 
which is further reduced to KL by (ili.). 


Hence FE @EF RdF 


Kieu ira 


or 
ag A ee mod th 
F+KR a +KL—> re ==), 
the differential equation of F. 
It is thus,clear-that the variables V, F, E, C all have the 
same form of differential equation, viz. :— 
dK a 


E+KR— +KL a 0), 


Of course, to make this equation homogeneous, 


KR is of the order (time) ; 
ICT; es 3 time)’. 


KI may be written KR. i or still better sei a 
If we write 2h 
mr 
and = ate. 


t, and ¢; are time-constants of the circuit, and the differential 
equation may be written 


dk hea} 
E+ 2% 7 +hts ze =0. 


In this expression the two time-constants may be considered 


to be independent. 
To obtain a geometrical representation of the changes :— 


VOU. XII. R 
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(1) Suppose a line, whose length is r, to shrink logarithmi- 
cally so that its change is represented by the equation 


dy ? 
7 ae ae 
where ¢, is a time-constant. 
Then nb 
r=ae 4, 


where a is the value of rat the beginning of the time, and ¢, 
: ; ; 1 ; 
appears as the time taken for 7 to shrink to ; of itself. 


(2) Secondly, suppose a straight line in a plane to con- 
stantly change in direction at a uniform rate, in the same 
sense. If@ is the angle measured from a fixed direction, 


d@ 27 
Ce tes 
where ¢, is a time-constant. Hence 


pe Qa 


ae ee . 


Whence ¢, appears as the time required to describe 277. 

(3) Suppose a line to undergo both the changes contem- 
plated, which is possible, since one is a change of length, the 
other a change in direction. Then, eliminating the time, we 
have j 
Baty 


— t 
rae : 


) 
or r=ae tanB,where tan B= =e 
2 

This is the equation of the equiangular spiral, with the 
characteristic angle 8, whose value merely depends upon the 
two time-constants ¢, and f. 

(4) Now imagine this length r constantly projected cn 
some fixed straight line, and for simplicity take this straight 
line as at right angles to the direction in which 6=0. 

Then the projection under consideration (E) has for its 
expression ; 
E=a.e tangsin 0; 
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2. é., it consists of a constant factor, a logarithmical factor, 
and a rhythmical or harmonic factor. 


Substituting for @ its value ze t, 
2 


=e eee ee iy 
E=a.e ¢ tanB"" sin— .t, 
2) 


6 
E=ae tm sin 0, 


aD _ oats con d= ge tsind 
— tan an 
18 =ae tan8 cos cna” Bsin 
as 8 E 
=ae tangeos fa} — i BR 
Ee — 1 4h — ae oj p__* aes 50 
ds tan B dO far oe tan B 4 oe 
~ ea pco 
~ tan B dé tang tdé ~ tang j 
2 dE 
~~ tan 8 dd -B{1+ 233}: 
therefore 
2tan8 dH dan? Bind Ue a 
ahs 1+ tan?B dé es tan’? B d@? — 
Now 
dh dK dt _ di 2h 
Gore Whea0, «dt oar’. 
therefore 
“PE PH dt t, _ al t. \? 
ae di® d02ar” dé? \2Qr 
therefore 


2ianB t, dE tan? 8B (3 a i? 
21 j 


Satay? 8 On ie 1+ tan? B\2Qr) dee 


becomes 


, : Qrt 
which, since tan B= ——, 
2 


7 ook Mat is Sigs le Lily oe 
+ (a tan? ®) dt t + tan’ p) de® ~ "3 


. . 3 ty 
and if tz is written for (a, aay 


dK ai 
E + 2t, — oh t+ btgsy dé == (f)). 


RQ 
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An equation which is at once comparable with those obtained 
in the Hlectrical problem. 

It thus appears that the variables in the problem of elec- 
trical discharge under consideration may be represented by 
the projections of three sides of 
a triangle, which is constantly 
undergoing uniform rotation 
and linear logarithmic shrink- 
ing. Let the figure represent 
a portion of the appropriate 
curve whose characteristic angle 
is 8, and let OR be some radius i) AU 
vector. Then the projection of 
OR on OY will be a maximum when the tangent at Ris parallel 
to OX. let P be such a position, and let PM be the 
tangent at P. Then MPO = POX =-6. 

Now suppose O A the line representing (in its projection) 
the effective electromotive force about to change sign through 
the value zero. This means that the current is about to change 
sign, and the condenser having been receiving current is 
about to begin to be discharged, 7. e. its charge and therefore 
potential difference is a maximum. Then the line of P.D. 
must make the angle P O A with the line of effective 
EMF. 

Again, the E.M.F. of self-induction is zero when the current 
is at a maximum, by the nature of the ordinary hypothesis. 

Therefore, when the line representing E makes an angle 8 
with O X, the line representing induced H.M.F. (F) must be 
parallel with it. Hence it also makes an angle 8 with the 
line of effective E.M.F.; but in phase lags behind it, whereas 
the P.D. is in advance by that angle. 

Thus, if on any line taken as base we con- 
struct an ¢sosceles triangle of appropriate base 
angles, the sides will represent the P.D. of 
the condenser and the induced E.M.F. of 
self-induction respectively, and the base will 
represent the effective E.M.F. It only 
remains to rotate the triangle with appro- 
priate speed and to allow it to shrink at the 
due logarithmic rate. 
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The properties of the triangle agree exactly with the elec- 
trical properties. 


The angle 8 is such that tan B= —— ATH 
ty 
KR 
sayst 0 1 alae uct 
therefore cas B= nes (CTS); = Pec 21 = La, 5) 
rs R 


therefore cos @= uy = . = and 8 can have a real existence 


KR? ag : ; 
al: <1;—the condition of Oscillatory Discharge. 

The complete period is f,, and is obtained in the electrical 
quantities thus :— 
_ : 


tan B= 


therefore 


Pye 0 eee (2ar)? ty? P 
* ~~ tan? 8 ~ sec? B—1” 


; t 6 
and cos? B= = already obtained ; 
£ 
Ant.t, 4a? KL 


— 1 Ela) 


= ee (kit) 


the form usually quoted if we neglect the second term of the 
denominator. 


therefore = 


therefore 


I purpose to show that in a discharge of the sort here con- 
templated (which has been shown to be the result of the 
ordinary premisses given at page 222) there will be no work 
done by any electromotive force which lags at an angle B 
behind the current, provided the initial condition is one of 
zero-current. And, further, that the source of E.M.F., which 
is represented by the side of the isosceles triangle in advance 
by the angle 8, of the effective H.M.F., does all the work of 
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heating the circuit and no more. It will thus be seen that 
there is no provision in the theory for expenditure of power in 
the field, and hence that the theory does not explain the well 
recognized phenomenon of radiation into space. 


To establish the above-mentioned propositions, take the 
product of the projections of two lines undergoing variations 
corresponding to the two radii vectores of two equiangular 
spirals of the same characteristic angle 8 and period, and 
differing in phase by the angle 2y. 

One of these quantities may be expressed by 

oO eee 
aé tanBsin O49" 
The other by 


—S=y 
be 8 sin @—v. 
The product is 
26 


ab.e ™8sin O+y sin 0—y, 


or 
Pe 
ab.e tan8 (sin? @— sin’y). 


This quantity, multiplied into an element of time dé, has to 


be integrated through one period. Since . = es, the 
4 2 
integral 1 becomes 
abt 
ae e ian (cos 2y— cos 20) dd, 
or 
ahs € any: cos 2y d= ee ian cos 20 dé, 
An a 
The first term of the integral is 
HOP re pee 
— 3, 608 2y tan Be tang, 
The second term is 


abty , > “mak 
Sq Sin 8 cos 8 + 20 ; 


and therefore the integral is expressed :— 


87r 


208 et 
tiex e 8 {sin 8 cos B+ 20—tan 8 cos Qy}. 
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This expression has to be taken between limits. If we con- 
template one revolution only the limits will be @; +27 and @,, 
and the Definite Integral becomes 
abte ; SET 2h. Leys Sits 
fe {—sin 8 cos 6 + 20, + tan B cos 2y}he una(1 are 9) 
If the limits are infinity and 0, the integral becomes 
20 


bt, ae ee 
Te {tan 8 cos 2y—sin B cos B+ 20} tan. . (a) 


Hither of these expressions becomes zero when 
tan 8 cos 2y=sin B cos8 + 20, 
or 
cos 2y=cos B cos 8 +26, 


showing that the condition that no work shall be done in the 
electric problem depends on the initial circumstances, 7. e. 0, 
is involved. If 2y=f the condition of no work becomes 


cos 8+ 20, =1, 
which is satisfied when 
awh 8 
é,= 5° 


Hence if the initial condition be that of no current, the line 
bisecting the angle between the line of effective E.M.F’. and that 


of the self-induced E.M.F. makes —§ with the line @=0, and 


it is thus proved that on the whole no work 
is done in the field. 


If, on the other hand, we make 


A=+ : ’ 
and start from a point where the current = SB 


is zero, we have in the above expression, 
when proper substitutions are made for a and 8, the value of 
the work done on the circuit by the discharging condenser. 


The integral between infinity and 6, becomes, when 6,= S and 
2y=8 
ab . to 
87r 


__ 8B 
{l— cos 2B6}sin8.e¢ tans, 
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or 


QD sity tetas es 
——sin®Be tané, 
4a B 


= ME. F : 
In this case b= LG ae tan sin Sis the potential difference 


R 
between the plates of the condenser at starting =Vj, say, 
=Vsin 8. Hence the expression becomes 


(E and V being now the full sides of the triangle, properly 


interpreted), and os =cos 8 by the geometry of the triangle ; 
and further, 


Ts 27, ; bea ty 
fan b= f, and therefore i ae 
and the work 
er t KE? ¢, sin? 8B 


= ag a 
1h 2eosB2tane~ BAOr Ave 


which is the expression we should obtain if we integrate the 
square of the current multiplied by Rdé, seen as follows :— 
In the general expression («) obtained above for the pro- 

duct of the projections make a=H, b= a and 6,=0, y=0, 
the expression («) becomes 

st flan 8—sin ces 8 

saR {tan sin 6 ces $}, 
or 

E? bi : 

nae {tan 8B—sin B cos B}, 
or 

te BN 

iR t, sin’ 8, as above. 


Thus the whole of the work goes to heat the wire, and, 
further, substituting in the equation for E in terms of Vict 


may be shown to be entirely derived from the charged con- 
denser. 


The work may be written, eliminating E, 
2V? cosB te 


ee sin’ B, 


Oo 
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or Ve tr ae 
=~ ~~ €os B sin’ B. 
R tanB Soun Ss 


Now V,?=V’sin? 8, and thus the work is 


vee cos’ B, 
or, since cos?*B= a 
= ae angers — = 
Vik 
roa 


which is the ordinary expression for the energy stored in the 
condenser ; and this appears from the investigation to be 
entirely expended in heating the circuit, and there is no 
margin for the exhibition of power elsewhere. 

Suppose a line A B to represent (£) the line of effective 
E.M.F. At the extremity A set off AC 
as the direction of the line representing c 
the P.D. of the condenser. 

Then, as the condenser contains all 
the energy that is going to be expended 
on the circuit and on the ether, from 
what has been said it is clear that AC 
must be rather longer than the side of 
the isosceles triangle; for, if not, the a = B 
energy stored will not do more than 
heat the circuit. If, therefore, a perpendicular be dropped 
upon A B from C, it will fall at a point nearer B than A. 

Join C B, and, further, draw C D to meet AB produced in 
D, and so that C DA is an isosceles triangle on A D as base, 
and therefore CDA=8. Now CB must be the line repre- 
senting the resultant of the induced electromotive forces F, 
and however complicated the case may be this line CB is 
equivalent to two components CD, DB; of which CD results 
in no expenditure of power because it is in a phase @ behind 
the current, and DB is in phase directly opposed to the 
current, and therefore resulting in whatever expenditure of 
energy takes place outside the circuit, and therefore in the 
zther or in magnetic bodies, or in neighbouring or surround- 
ing conductors. Asin the former case of sustained oscillations, 
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it may be shown that BCD isa magnetic lag necessary for 
the exhibition of such phenomena. 

The electromotive force DB may be expressed by —AC as 
before, and the general equation 


V+F=E 
takes the form 


dC he oe 
Lee —AC=RKC, 


and, as this may be written 
ts =(R+A)C, 


we see that the extra consideration required to express the 
actual state of things is simply that the resistance of the 
circuit is virtually increased. In the previous work it is 
necessary to write (R+2) in all the equations. 

The actual work done altogether is derived from the charged 
condenser. This is divided between the circuit and the field 
in the ratio R:A, 

It may happen, therefore, that if the circumstances of the 
discharge are such as to make X very large in comparison 
with R, the ordinary heating-effect may be minimized. Among 
such causes is frequency, and in this consideration is to be 
found the true explanation of some of the experiments of 
M. Nikola Tesla. The energy of the discharges which that 
physicist encountered was expended in chief part in radiation 
which his body did not check, and not in current through his 
body. It is here suggested that the best way to measure 
radiation would be to measure the defect in the heating of a 
circuit, taking care to note the P.D. of the condenser at the 
moment previous to discharge. 

In ordinary sustazned oscillations, as derived from a machine, 
the alternations are not of sufficient frequency to make the 
effect of X perceptible, LHlectromotive forces of induction in- 
volve the period in their denominators, and it is reasonable 
to suppose that induced magnetic fields do the same; and if 
the period of the electromagnetic vibrations becomes com- 
parable with that of light, it is conceivable that mere heating 
might vanish, as in the solar spectrum light has less heating- 
effect than radiation of smaller frequency from the same source. 
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Discussion. 


Prof. Perry thought the C*R term would not represent the 
heating of the wire when the oscillations were rapid, owing 
to the distribution of current not being uniform over the 
section of the conductor. Maxwell had shown that certain 
throttling terms had to be considered. In condenser dis- 
charges the complete equation would have many terms. 

Prof. O. J. Lodge said the best definition of R in such 
cases was that derived from Joule’s law rather than that of 
Ohm. Frequency was very important in the radiation of 
energy, but even at ordinary frequencies of alternators some 
energy was radiated. Referring to Tesla’s experiments, he 
said the reason why no serious consequences followed was 
that there was not much energy behind them. High frequency 
might be instrumental in preventing injury, but this he 
thought remained to be proved. 

Dr. Sumpner pointed out that losses other than C’?R (R 
being the ordinary resistance of the conductor) had to be 
taken into account. In some cases, such as transformers on 
open circuit, the effective resistance might be one thousand 
times that of the coil. To discuss completely the problem 
taken up by Mr. Blakesley, it would be necessary to take 
account of non-uniform distribution of current both across 
and along the conductor, as well as the character of the mag- 
netic and electric fields surrounding the circuit. 

Mr. Swinburne thought there was a tendency to over- 
estimate the rate of high-frequency currents, for unless the 
coils of transformers were assumed geometrically coincident, 
calculations were difficult. Errors of hundreds per cent 
were quite possible. In Tesla’s experiments no great power 
was involved, for the transformer could not give out any 
large power. 

Mr. Blakesley, in reply, said the term R was such that 
C’R represented the whole waste in the conductor, whilst 
(A included everything wasted outside the conductor, 
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XV. Liquid Friction. By Joun Purry, F.R.S., assisted by 
J. Gragam, B.A., and C. W. Hearu*. 


[Plate II.] 


A PIECE of apparatus such as is used in. this investigation 
was designed and partly constructed in Japan in 1876 ; it 
is described in my book on Practical Mechanics (1883). The 
specimen actually used by us was constructed at the Finsbury 
Technical College in 1882, and has been occasionally used 
since that time, but no complete sets of observations were 
attempted till October 1891. 

The simplest hydrodynamical condition of viscous fluid is 
that of the fluid bounded by two infinite parallel planes, the 
fluid in one boundary being at rest, the velocity in the other 
boundary being constant and in the plane. Motions in a 
pipe and near a vibrating disk, or even near a steadily. 
rotating disk, are rather complicated. Our apparatus was 
designed to approach as nearly as possible to the conditions 
subsisting between the infinite planes. Between two such 
planes, if V is the constant velocity of one of them, the other 
being at rest, and 0 is their distance asunder, the fluid being 
of uniform density, and gravity being neglected, if z is 
measured at right angles from the fixed plane, the equation of 
steady motion is 


yes Oe ehh SD 


\ 
e 0.25 N 2/0 2a See 
and the tractive force per unit area required at the moving 
plane to maintain the motion is 4V/b, where pw is the co- 
efficient of viscosity. We have used, instead of planes, 
concentric cylindric surfaces of as large radii and as small 
difference in radii as could be conveniently constructed and 
used (see Pl. II. fig. 2). 

EEE is a cylindric trough, of which the curved parts 
E and E are brass. The inner and outer radii of this trough 
are 10°39 and 12°65 centimetres. C, which forms the bottom, 
is of iron; and the whole trough can be rotated about its 


* Read March 24, 1893. 
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vertical axis at any desired speed by driving the pulley P from 
a coned pulley D with numerous steps. 

G is a hollow brass cylinder supported by a steel wire L, 
of 0°037 centim. diameter, 67°78 centim. long, whose axis 
coincides with the axis of the trough and the axis of 
rotation. G may be raised or lowered relatively to the trough. 
The outer radius of G is 11°63 centim., the inner being 11°41 
centim. The whole apparatus is supported on a stand, with 
three adjustable feet. We exhibit also some photographs of 
the apparatus in position, showing how it was driven. 

The trough contains the liquid whose viscosity is to be 
measured : when it rotates, G tends to rotate ; and when for 
any constant speed G is in equilibrium, the twist in the steel 
wire measures the torque due to the tractive forces with which 
the liquid acts upon G at its inner and outer surfaces. The 
twist was measured by the angular motion of a pointer clamped 
on the wire at a distance of 59 centim. from the fixed end. 

To test the accuracy of our assumption that the fluid 
behaved as if between parallel plane surfaces, let us consider 
the actual motion in which the stream-lines are circles. 
Consider the motion of a stream-tube of section $r dz, 
az being measured axially and vr radially. The tangential 
force on unit cylindric surface of radius 7 is (Z- 3) if 
v is the velocity. The moment due to all such forces on 
the inner surface of our ring is 


The moment tending to increase the velocity of the ring due 
to forces on the cylindric parts of it is therefore 


2am .7 (S ae bag —5) or. 8a 5 


dr? * y dr 


also, due to the plane faces we have the moment 
d’v 
Qarpor? ie dr. bx. 


Hquating the sum of these to the rate of increase of the 
moment of momentum of the ring, we have 
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av iy dew ody de 
dr! pdr v2 ' da udt 


pide rps (i 


as the equation of motion in co-axial circular stream-lines. 
Now the discontinuity at the edge, and also the nearness of 


d? : 
the bottom of the trough, cause the term a to be important; 
Xv 


but the solution seems to be very difficult. Maxwell satisfied 
himself (Collected Papers, vol. ii. pp. 16-18) that the dis- 
continuity at the edge of a vibrating disk could be allowed 
for as a virtual increase in the radius of his disk, and the 
assumption that the behaviour of his fluid was the same as if 
his disk were part of an infinite disk. The correction not 
being readily obtained for a disk, he assumed it to be the 
same as for the straight edge of an infinite plane surface. We 
are certainly not less correct in taking the same correction 
for the edge of our cylinder*. Following Maxwell, there- 
fore, we assumed that when our cylinder G was immersed 
to the depth AB or Z in the fluid it was really a portion of 
length {+2 of an infinite cylinder of the same diameter. We 


therefore neglect — 5 in (8), and we use 


dv 1 dp v Pp dv 
dior dey a ae ae Oat ae ede! 


When the motion is steady, that is when dv/dt=0, the 
solution is 


oS Ar Bi 5 Se ee 
If v=v, when r=R,, and v=0 when R=R,, then 
v = 1 R,(r—R,’/r) /(R?—-R,’). 


We must now distinguish between the space outside the 


. (5) 


* It is to be remarked that Maxwell assumed, generally, that there was 
no radial motion of his fluid. Now there must have been radial motion, 
his disks resembling centrifugal fans in their action, creating a variable 
flow always outwards between his fixed and moving disks; and the 
energy wasted in producing this flow is neglected by him. We do not 
know the amount of this error, and he may have satisfied himself as to its 
insignificance. Prof. Maurice FitzGerald in criticizing this proof has 
pointed out the fact that on James Thomson’s theory of river bends there 
must exist a radial motion of an interesting kind in our apparatus. 
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suspended cylinder and the space inside it. The radii of the 
inner and outer surfaces of the suspended cylinder are 11°41 
and 11°63 centim., and the inner and outer radii of the trough 
are 10°39 and 12°65 centim. 

Our cylindric surfaces were not perfectly true, although 
great care was taken to make them so ; and the radii given 
are only average dimensions. But, inasmuch as slightly 
tilting the apparatus or otherwise putting the axis of the 
suspended cylinder out of coincidence with the axis of the 
trough made only small differences in the observations, we 
did not think that such inaccuracies of workmanship or mea- 
surement as existed could affect our results. 

Even when the tilting of the apparatus was quite evident 
to the eye, the tractive torque was found to be only slightly 
increased by the tilting. Of course, as the suspended cylinder 
got closer and closer to the side of the trough the torque did 
increase, and became very large when the suspended cylinder 
nearly touched the side of the trough. 

Again, it was observed that at our highest speeds the 
amount of wetted surface did not perceptibly alter ; and we 
are, we think, justified in assuming that the surface of the 
liquid was always a plane surface. 

It is evident that the tractive forces on the suspended 
cylinder are the same whether we assume the trough to 
revolve steadily at w radians per second, the suspended 
cylinder being at rest, or the suspended cylinder to revolve 
steadily at w radians per second and the trough to remain at 
rest. We shall therefore, for ease of calculation, always 
assume the trough to be at rest and the suspended cylinder 
to be revolving at w radians per second. ‘Then the velocities 
of its inner and outer surfaces are, in centimetres per second, 
11:41 and 11°63. 

On any cylindric surface the tractive force per unit area 


being (5-2) is ae, from (5) ; so that, whether for 
r Vie 


the outer or inner space, if R, is the radius of the suspended 
moving cylindric surface, and R, the radius of the fixed 
surface, the tractive moment per centim. of length is 


+ 4rr@pwR,’/(R,?/R,’—1). 
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Taking actual sizes, this is 0°5 per cent. greater than the 
value obtained by calculating the forces on the assumption 
that the fluid moves in plane layers as in (2), b being the 
actual thickness of fluid 1°02 centim., and V being the actual 
velocity at the mean radius. We may, in fact, imagine the 
speeds to be increased by 0°5 per cent., and make all calcu- 
lations as to viscosity on the assumption of motion in plane 
layers. 

The tractive torque per centimetre of length of cylinder is, 
in our case, 19010 pu, or 1991 np if the angular velocity 
is given as » turns per minute. If / is the wetted length 
in centimetres, and ® is the virtual additional length repre- 
senting the edge effect, the total torque is 1991 nu(J+2). 
The total observed motion of the pointer being D degrees, 
and the torque per degree being a, the torque due to tractive 
forces acting on the cylinder is 


aD = 1991 nu(1+X) ; 
and if this law is found to be true experimentally, then 
pos aD ISUL EN nie. cos ee ee) 


Two methods of determining the torsional constant of the 
wire were employed :— 

First Method.—A fine cotton thread was wound round the 
outside of the suspended cylinder and passed over a nearly 
frictionless pulley (the pulley of an Attwood’s machine) to a 
scale-pan. The thread was nearly horizontal as it left the 
cylinder. In this way it was found that the twisting moment 
required to produce a pointer-rotation of one degree was 
1531 dyne-centimetres. In making the measurement, as the 
weight of the scale-pan and its contents was gradually 
increased, the steel wire was drawn away from the vertical, 
and therefore from the middle of the scale; but the stand 
was tilted to counteract this effect. 

The effects due to solid friction were eliminated by taking 
the mean of the limiting weights for equilibrium. When the 
weight was 30 grams, one tenth of a gram either added to or 
taken from the scale-pan produced a perceptible change in the 
position of the pointer ; so that the solid friction was small. 
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Second Method.—The suspended cylinder was allowed to 
vibrate, twisting and untwisting the wire; and its times of 
oscillation were noted. The observations were repeated when 
a known moment of inertia had been added. Unloaded, it 
made 40 complete oscillations in 583 seconds, or one oscillation 
in 14575 seconds. We then attached to the cylinder an iron 
bar of rectangular section, whose own moment of inertia had 
been determined accurately by previous experiments (found 
to agree with calculation on the assumption that it was homo- 
geneous), this moment of inertia being 566°2 (in gram- 
centimetre? units). The time of a complete oscillation was 
now found to be 21°425 seconds. It follows that the moment 
of inertia of the suspended cylinder is 487°72, and the tor- 
sional constant of the wire is readily obtained. This constant 
being corrected on account of the position of the pointer, it 
follows that to produce a rotation of the pointer of one degree 
requires a torque of 1552 dyne-centimetres. This is greater 
than the constant derived from direct measurement by 14 per 
cent.; but, on the whole, we are rather inclined to accept the 
number obtained directly, as we are not quite sure that the 
mean position of the iron bar was at right angles to the mag- 
netic meridian. 

Hight quite independent measurements of the diameter of 
the wire were made by men experienced in making such 
measurements ; and the mean value was *0371 inch, the 
greatest and least being ‘0373 and °0369. Using this mean 
value, and the directly measured torsional constant, it would 
seem that the modulus of rigidity of the steel is 7°71 x 10. 
As an error of ‘0004 inch in the diameter measurement leads 
to an error of 4 per cent. in the modulus of rigidity, and as 
the modulus of rigidity usually taken for steel is 8-19 x10", 
we believe that our constant 1531, as directly measured, is 
sufficiently correct for practical purposes. 

In using (6), then, we take a to be 1581. 

The virtual addition % ought, by Maxwell’s formula, to be 
0°52 centim. in our case. But the bottom of the trough H 
was only 0°5 centim. from the edge B of the suspended 
cylinder in most of our experiments, and we do not know how 
to calculate for this. Our experiments have shown that when 

VOL. XII. SS) 
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this distance is 0°5 centim. the twisting moment at a given 
speed is practically the same as when the distance is much 
greater ;. but we did not know this from any theory, and, 
besides, it is always rather dangerous to depend upon a 
theoretical calculation of \ such as Maxwell was compelled to 
use. It is possible, also, that a correction of the same kind 
ought to be introduced for capillary and other actions at the 
surface of the liquid. The action of the atmosphere was in 
any case negligible, because when there was no liquid present 
in the trough, so that there was an action of the air several 
times greater than ever occurred during the experiments, the 
deflexion was quite imperceptible at much higher speeds than 
those used in the experiments. 

The temperature being kept as nearly as possible constant, 
but probably varying between 18°-9 C. and 20°1 C. (stated 
as 19°5 C.), the following experiments were made with 
sperm-oil, beginning with a small quantity in the trough and 
ending with a large quantity. The bottom of the trough was 
in every case 0°5 centim. below the edge of the suspended 
cylinder. 


Taste I.—June 9th, 1892. 


Deflexion D when 
N. 
1=0°5 am. | /=2°5em. | 7=5 em. | l=7'5 em. | 7=9-9 em. 

50 24 67 112 158 
49 Fe Me fe 196 
48 
40 18 oe ane | 182 163 
39 sae 53 91 
23 10 

175 8 a 57 73:5 
17 AS 24 39 | 

12 5 ae 40 

11:5 ies 16 27 

it a sah as ae 49 


As the deflexion is sufficiently nearly proportional to the 
speed to allow of corrections by this rule when the cor- 
rections are small, we have corrected the above observations 


to the speeds 50, 40, 173, 113; and we obtain the following 
results :— 
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| i = 
| Values of x. 

| Values of 7. 

| | i 

| 50. 40. Wifes el NATE 
| 5 | 24 18 Soy He 26 

| 2°5 67 54 25 16 
5:0 | 112 93 40 27 
75 165 132 57 384 
9-9 200 163 73°) 51 


D and / were then plotted as the coordinates of points on 
squared paper ; and it was obvious that for each value of n 
these points lay very nearly in a straight line, and all the 
straight lines passed through the point7= —0°8. Itis curious 
that the linear law should hold for such small values of J as 
0-5 centim., and for high speeds as well as low speeds. We 
shall presently see that some of these speeds are considerably 
above the critical speed at which (4) ceases to represent the 
motion. 

We may take it, then, that X=0°8 centim., which is greater 
than the calculated value 0°52. The discrepance cannot be 
due to the distance BH being small, for we have altered this 
distance and found no perceptibly different results. As 
already stated, it may be due to some capillary surface action. 
Taking a=1531 and A=0°8, we have (6) becoming 


e= 0°769 D/n(l+0°8). g 8 1s (7) 


Of course our results are consistent with our equations of 
motion only so long as D/(/+0°8) is proportional to n. 

Many observations have been made with this apparatus 
during the last year on various liquids, under very different 
conditions of temperature and speed and depth. We give 
here a set made on sperm-oil. In all cases the bottom of the 
trough was 0°5 centim. below the edge of the suspended 
cylinder. 

Keeping the oil at a constant temperature we ran the trough 
at a number of speeds, and repeated at other constant tempe- 
ratures. The results are given in Tables IV. to XI. 

When a temperature had to be taken the rotation was 
stopped and a thermometer dipped about halfway down in the 
oil, the reading being taken at the end of about half a minute. 
A small Bunsen flame was applied underneath the trough 

82 
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when a temperature higher than the room had to be main- 
tained for a considerable length of time. 

As the temperature varied slightly, and we wished to reduce 
our observations to constant temperatures, we afterwards made 
two sets of observations at very varying temperatures but 
constant speeds. These later observations we shall consider 
first. They are given in Tables IT. and III. 


TaBLE IJ.—March 29th, 1892. (J=8°275 centim.) 


40 D 

2. 6° C, 7" EEK pe. p calculated. 
39°5 13°5 189 21:09 “400 446 
39°5 Alaa 165 17-60 334 B57 
40 19:5 150 16°53 318 “317 
40 24:0 134 14:77 287 ‘266 
40 253 126°5 13-94 268 “254 
40 289 1115 12:28 "236 "228 
40 32:0 109 11:46 

40 42:5 88 9°70 

40 46°9 81 8°65 

40 585 67 TAl 

40 64:0 58 6°39 

40 71:0 56 6:17 

40 77-0 50 5°51 

40 85:5 46°5 5:12 


The numbers in the column headed 2 are obviously 


intended to be corrections of D/(/+2) for the constant speed 
of 40 revolutions per minute. 


Tasie [11.—March 30th, 1892. (J=7-78 centim.) 


9 D 
7) OC; D Eat pb. p calculated, 

8-75 52 | 160 19-19 1:64 2-06 
9°75 8-0 85 915 0-78 0:82 " 
9-2 10-0 57 6:56 0-73 062 

9-0 10:8 47 |, 5:48 0:47 056 
9-0 16°6 365 4:26 0°363 0:366 
9-2 24:8 26°5 3:02 0-258 0-259 
9-0 350 19°5 2:27 0-194 0:196 
9-0 47:0 140 1:63 0-139 0137 
9-0 565 10:2 1:19 0101 0104 
9-0 67:0 8:0 0-93 0-079 0-081 
9-0 89:0 54 0:63 0-060 0-058 
9-0 845 60 | 0-70 0-054 0:054 
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D ‘ 
The numbers headed : bs are intended to be corrections 
? 


of D/(/+2) for the constant speed of 9 revolutions per minute. 

We have plotted the numbers in the last columns of these 
tables with @ upon a sheet of squared paper; but it is 
unnecessary to publish the resulting curves. We exhibit 
them to the Members of the Society. 

Knowing what has been done by Prof. Osborne Reynolds, 
it seemed unlikely that one simple formula should satisfy 
either of these curves ; that is, it was likely that in the lower 
curve there was some temperature for which the speed n=9 
was a critical speed, and there was also a temperature for 
which n=40 was a critical speed. We therefore used the 
curves merely for small temperature-corrections in our other 
experiments, in which we kept the temperature nearly 
constant. 

It was therefore without much interest that, in preparing 
this paper for publication, we tried to obtain empirical formule 
for these curves ; and at first we used, not the observations 
themselves, but the observations as corrected by curves drawn 
upon squared paper. 


When log (@—4:°2) and log = are plotted as coordinates 


of points on squared paper, we were astonished to find that 
when n=9 the points lie in two straight lines. The allinea- 
tion of the points is very striking, even when the uncorrected 
observations are taken, and leads to the following empirical 
formula :— 

Letting @ denote —4'2, and letting y denote D/(/+)), 
the torque as measured in degrees deflexion of pointer per 
unit length of wetted cylinder ; then, at the constant speed 
CL =, 


yo’ =constant for temperatures above 40° OC. 


yd’ =constant for temperatures below 40° C. 


On plotting logy and log ¢ for the constant speed n= 40, 
the points are not found to lie so nicely in straight lines, but 
there does seem to be some sort of discontinuity at a tem- 
perature of about 45° C. 
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At first we thought that these temperatures were the tem- 
peratures at ie the speeds n=9 and n=40 were the 
critical speeds, and we were greatly concerned because our 
result seemed to be quite out of accord with the reasoning of 
Prof. Osborne Reynolds *. As his ingenious theory has been 
completely verified by experiments made upon the very 
smallest and largest pipes with flowing water, and as it is 
simple we had adopted it for the reduction of our experiments. 


According to his theory, ro or, as we shall call it, y, 


ought to be proportional to m until m exceeds a certain value; 
this value being a function of y/p, where p is the density of 
the fluid. Now the alteration of p with temperature in such 
a liquid as sperm-oil is so small that the error in neglecting 
it is small in comparison with our errors of experiment. 

Neglecting, then, the alterations in p, the theory of Prof. 
Reynolds leads to 

cee caeaad (ah ltr era Na yh gk 59) 
where F is a function of the temperature, n the number of 
revolutions per ninute ; where e=1 until the critical speed 
me is reached, n, being proportional to F, and « having a 
higher value than 1 for all speeds above the critical; @ is a 
constant. ‘This is on the assumption that Prof. Reynolds’s 
theory would lead to the same result in our case as in his 
pipes.! 

Now, in the first place,it seemed absurd that the temperatures 
for which the speeds 9 and 40 were the critica] speeds should 
be so near to one another as 40° C. and 45° C. But a much 
more serious consideration was this. According to any rea- 
sonable application of the theory to our case, at constant 
speed, if yf?” is constant when the speed is less than the 
critical speed, and if y¢* is constant when the speed is 
above the critical speed, then s ought to be less than m, 
whereas 1°349 is about twice 0°686. We came to the con- 
clusion that the point of discontinuity has nothing whatever 
to do with the critical speed ; indeed, we subsequently found 


* “ An Experimental Investigation of the Circumstances which deter- 
mine whether the Motion of Water shall be Direct or Sinuous, and of the 
Law of Resistance in Parallel Channels,” by Osborne Reynolds! ERS: 

Phil. Trans. pt. ii. (1883¥. 
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it probable that n=9 does not become the critical speed until 
the highest temperature of Table III. is reached. 

Using the deflexions in Table III. to determine u according 
to (7), we have the results given in column 5 of the Tables. 
The numbers in column 5 of Table I. are calculated for tem- 
peratures lower than 26° C., which is about the temperature 
at which 40 is the critical speed. In some of the following 
tables, giving the results of experiments made at various 
constant temperatures, we have also given values of uw. There 
is as much consistency in all these results as might have been 
expected. We lay most weight upon the results given in 
Table III., which lead to the laws 


je = 2:06(9—4-2) ~®8 below 40°C.; . . . (9) 
= 21:67(0—4:2)-! above 40°C. . . . (10) 


We have searched in books in vain for a mention of a dis- 
continuity in any other physical property of sperm-oil about 
this temperature ; but we have already begun to experiment 
on its other physical properties, as it is unlikely that there 
should be a discontinuity in the law for the viscosity alone. 
At the same time, we may say that our chemical friends see 
no reason for a confirmation of our belief. 

In the tables we give the viscosity as calculated from these 
formule ; and it will be seen that they agree well enough 
with the observed viscosities. 


TasLE 1V.—March 18th, 1892. 
(1=6'15 centim. Temperature Constant, 17°°5 C.) 


Y, OF 

n. D. D=(/-42). ie 
36 114 16-41 “B51 
39 121 17-41 844 
54 172 24-75 852 
69 245 35°26 
&U 300 43:16 
92 345 49-64 
23 74 10°65 356 
16 52 7:48 360 
18 4] 5°90 349 

8°75 27 3°98 349 


The column headed p is 0°769D/n(l+X), and has no 
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meaning at a speed greater than the critical speed. The 
critical speed, n., is probably about 50. The first three and 
first four values are probably measurements of w. The average 
value of these seven is #=0°351. Formula (9) would make 
p to be 0°349. 

Plotting logy and logn as the coordinates of points on 
squared paper, the points lie very nearly in a straight line 
indicating yan until the critical speed, about n=50, is 
reached, and for all higher speeds the points le nearly in 
another straight line indicating y an‘. 


TaBLeE V.—March 21st, 1892. (J=6°075 centim.) 


626 n D. y Bp 
22:5 9:25 24-5 3°40 283 
23°2 ll 28:0 3°97 27 
22:7 14-2 37 5:16 280 
22:0 17-2 45 6:15 279 
25:0 27 68 10:19 277 
24°5 23 57 8-41 281 
24-0 32 77 11-20 269 
23:0 90 340 48:00 
22°5 102 410 56°96 
23:0 80 276 38:94 
24-0 72 224 32°58 
245 56 169 24°95 
24-0 48 129 18°76 
23°5 43 108 15-42 278 
23°0 38 97 13-69 207 


The column headed y is D/(/+ 2) corrected to the constant 
temperature of 24° C. by a correction of about 3 per cent. per 
degree. The numbers in the last column have no meaning 
for speeds higher than x=about 48. The average value of p, 
the viscosity, in the first seven and last two observations is 
0:278. Formula (9) would make mw for this temperature 
0-266. 

Plotting logn and logy on squared paper gives points 
lying nearly in two straight lines, showing that y xn to the 
critical speed n=about 43, and above that speed y «n!37, 
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Taste VI.—March 21st, 1892. (J=6-075 centim.) 


6° Oo n. D y 

29°5 | 38 81 11°63 
30 43 95 13°82 
31 48 114 16:99 
80°5 56 134 19:73 
380°5 60 147 21-65 
30 66 175 25°45 


y here means D/(/ +2) corrected to the constant temperature 
ot 30° C. by a correction of 24 per cent. per degree. pw as 
calculated from (7) would have no meaning, as the critical 
speed for this temperature is about 28 revolutions per minute, 


and we give no colunin headed w. y is very nearly xn, 


TasLE VII.—March 22nd, 1892. (J=5-425 centim.) 


ie} 
ge C n IB}. y pe 

BG = hoe 88 49-5 7-92 

55 49 59 9-20 

5D 54 725 11:31 

56 58 88 14:13 

565 74 116 18°79 

TD 108 158 26:32 

585 29 34 5°78 

56 24 25 4-01 1282 
57 175 11 1-81 ‘0791 
BT 155 14 231 1143 
54 15°5 12 1:82 0903 
5D 16 14 2-19 1054 


y means D/(1+A) corrected to 56°C. by a correction of 
24 per cent. per degree. ‘The critical speed is probably below 
n= 24, and for speeds greater than the critical y xn’ nearly. 
For speeds less than this the average value of pw is 0°108. 
According to (9) the value of w for 56°C. is 0°1055. 

Plotting logy and logn as the coordinates of points on 
squared paper gives points which may be said to lie on two 
straight lines, but the errors of observation are too great. 
For n>24 we might perhaps say that y ocn'*8; but it seems 
hardly fair to draw conclusions from this set of observations. 
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Taste VIII.—March 24th, 1892. 


(L=7:025 centim.) 
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Go 0: N. D. y- pe. 

30 100 363 45°24 

30°8 78 250 3179 

31 115 404 51°64 

ol 32 62 7°92 1903 
31 22 AG 6:01 *2103 
3 17 37 4°73 214 
32 13 29 3°80 “2249 
31 11 23°5 3°00 "2097 
30 9:2 20 2°50 ‘209 


y is D/(J+A) corrected to 31° C. by a correction of 24 per 
cent. per degree. The numbers of the last column haye no 
meaning for speeds higher than n about=32. The average 
value of w is 0°210. According to (9) the value of mw for 
ple Cais O26. 

Below n=82, yan. 
that y on", 


Above n=382, we may perhaps say 


TaBLe [X.—March 28th, 1892. (J=6-525 centim.) 


G2 '@; n. iD} y. 
81 38°5 38 518 
80°5 56 63 8-557 
80 69 88 11:80 
79°5 84 112 14-70 
= 104 134 18:29 
83 92 116 16°157 


y means D/(l+2) corrected to 81°C. 
The law seems to be y xn"? nearly. 


Taste X.—March 23rd, 1892. (J=7:025 centim.) 


0° CO. nN. D. y: 
82 RES 16 2:06 
82 14 11 1:23 
82 26 26 3°35 
81 382 33 4:22 
80 Wihe5} 85 1:08 
82 10 6-3 0°84 
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If it is assumed that n=10 is not much above the critical 
speed, w may be calculated as 00646. According to (9) 
p4=0:062 for 81°C. 

y ont® may be taken as the law. 


TasLe XI.—March 24th, 1892. (1=6:7 centim.) 


6° C n D. y ‘ 
65 9 8 1-07 ‘O91 
66 10°8 9 1-21 086 
65°5 ale 16 2:14 ‘097 
645 21 21 2°79 
65 P05) 26 3°46 
65 29 32 4:26 
65 114 210 28-00 
66 102 162 21:82 
64:5 88 156 20°10 
65 66 112 14:93 
66 52 74 9:96 
66 445 59 7-94 
66 38 46 6:19 


y is D/(J+2X) corrected to 65°C. mw has no meaning 
except for the first three speeds, and the mean of these 
three is 0°091. According to (9) the value of mw for 65°C. 
is 0°085. 

Above the critical speed, which is possibly below n=17, 
the law is probably y an’. 

It is not worth while to publish any of the observations 
which we have made upon other liquids, nor to publish the 
curves we have drawn for sperm-oil, although we exhibit 
them before the Society. Errors of one degree in obser- 
ving temperature were quite possible, and errors of half a 
degree in the deflexion of our pointer were also possible, 
Small fluctuations in speed were continually taking place, so 
that the pointer was never quite still, the motion of the fluid 
was therefore not truly steady. It is our determination to 
repeat the whole work with improved apparatus. In the 
meantime, however, it will be observed from Table III. that 
there is fair agreement in the law connecting mw with tem- 
perature, from all the sets of observations. There is, on the 
whole, a very fair agreement with what we venture to call 
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Prof. Reynolds’s rule, 
y=ak “nk, 


where « has the value 1:33 or 1 according as n is above or 
below the critical speed*. The sheet of squared paper on which 
we have plotted all our values of log y and log » for the various 
constant temperatures shows that the errors of observation are 
too great for the establishment of this value of «; but it is the 
probable value. It shows, however, in the allineation of the 
points of discontinuity, with sufficient accuracy that y, « 7,’, 
if the rule is taken to be generally true; and although there 
is some little vagueness always in one’s observations just about 
the critical speed, we may take ye=0°009 n,? without very 
great error. Indeed, we are satisfied with the substantial 
agreement of all our observations with the formula 


= bw 2K P 

y=«(aey,) ae 
where a='009 and «=1°33, That is, for low speeds we have 
the law 


ey 
eT Gia. 


At the critical speed the law suddenly changes to 


3 
= ue Be 
y=4(=i5a)” 2 


which holds for all higher speeds which we have tried. The 
critical speed 


Wo 


ay fies 
c= Egg ane 


and 
ye=an? or O09n: 


It is to be recollected that p is too nearly constant for us 


* Prof. Reynolds, in criticizing a proof of this paper, has been kind 
enough to point out that his rule for pipes does not necessarily apply to 
the fluid in our apparatus. We had not seen the reprint of his Royal 
Institution lecture, else we should have known that the condition of the 
liquid in circular flow is inherently stable or unstable according as 7 is 
greater or less than the radius of the fixed cylindric surface. As he 
points out, the liquid in the outer space is inherently stable for velocities 
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to say with certainty that a is proportional to p, as the theory 
requires. The errors of observation were so great that it was 
not worth while finding accurately the most probable values 
of « and a. 

We wish it to be understood that our apparatus was very 
carefully constructed, and great care was taken in making the 
observations ; but it is our intention to pursue the investiga- 
tion with apparatus much more carefully constructed. 


Vibratory Experiments. 

In designing the apparatus it was our intention to obtain w 
from the damping of the rotational oscillations of the suspended 
cylinder about its vertical axis, the trough being at rest. We 
meant in this way to obtain » for velocities very much smaller 
than those which could be employed in our steady motion ex- 
periments. A considerable number of observations were made, 
but when we tried to make calculations of ~ we found that our 
mathematical difficulties were too great, and after many months 
of effort we are forced to say that we are unable to utilize these 
observations. In equation (4) assume that v=we', and w 
may be obtained in Bessel functions. Unfortunately, as there 
are two surface conditions, doth particular solutions of the 
Bessel equation are necessary, and the work of reduction be- 
comes very great. An approximate solution is obtained by 
taking r= R-+4, R being the radius of the suspended cylinder, 
and taking the equation (4) to be 


CO Adee ep de 

Tin Baan meee 

Making this assumption in the case of steady motion, it was 

found that it was sufficiently correct for practical purposes. 

The following numbers show the sort of error introduced, 
taking R=10, and 1 the greatest value of «. 


(11) 


far exceeding the critical velocity (if there is one) for plane surfaces, 
whereas the liquid in the inner space is unstable from the first. 

We directed the attention of the meeting to the fact that Tables IV., 
V., VI, and VII. give unmistakable evidence of the truth of what 
we have called Prof. Reynolds’s Rule, however difficult we may find it in 
explanation. 
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Values of v. 

Values of x. On the assump- 
Correct. Approximate. | tion of motion 
in plane layers. 

0) 1 1 i 

2 7914 7914 8 

15; ‘4875 ‘A872 5; 

u 2895 "2892 3 

1:0 0 0 0) 


The solution of (11) for vibratory motion is easy enough ; 
but we found it still difficult to calculate » from our observa- 
tions. Even when we assume that the motion is in plane 
layers, so that the solution used by Maxwell is employed, we 


find that our % is too great for a logarithmic decrement to 


exist with such amplitudes and times of oscillation as we had 
employed in the experiments, and it was impossible for us to 
repeat the experiments under the same conditions again at 
slower velocities, because the apparatus had been taken to 
pieces and could not be fitted up again in exactly the same 
way. When we say that a logarithmic decrement did not 
exist, we mean that it was not constant, but varied with the 
amount of the oscillation. For the tractive force to be pro- 
portional to the velocity of the cylinder it is necessary for p/p 
and the periodic time to be so great that the velocities of the 
fluid at all places shall be in the same proportion as if the 
motion were steady. 

After this paper was written we asked Mr. J. B. Knight, 
of the Chemical Department of the Finsbury Technical College, 
to make measurements of the specific gravity of sperm-oil at 
different temperatures. His results give a very striking con- 
firmation of the views expressed in the paper as to a discon- 
tinuity of some kind due to rise of temperature. As all the 
authorities whom we have consulted seemed to see no possible 
reason for a discontinuity in the rate of change of w with 
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temperature in sperm-oil at about 40°C., it is possible that 
these results may be of importance. 


Temperature Cent. Specific Gravity. 
25 831 
30 "8306 
35 | "828 
40) °826 
45 | 8758 
50 8753 
5d ‘8717 


We are now arranging a piece of apparatus which will give, 
not the absolute value of the specific gravity, but with great 
accuracy relative rates of the change of specific gravity with 
temperature *. We shall make experiments of the same kind 
upon other animal oils. 


DIscussion. 


After concluding the paper, Prof. Perry read a letter he 
had received from Prof. Osborne Reynolds on the subject, 
who doubted whether the true critical velocities had been 
reached in the experiments. In the particular arrangement 
employed, he would expect no critical velocity in the outer 
ring of liquid, whilst in the inner ring the motion would be 
unstable from the first. 

Prof. Lodge said he had tried whether the refraction or 
the density of sperm-oil exhibited a discontinuity about 40°, 
but found none. 

Mr. Rogers pointed out that experiments which corro- 
borated those of Prof. Perry had been made by M. Couette, 
and published in Ann. de Chim. et de Phys. [6] xxi. 

Mr. E. W. Smith suggested that the apparent discontinuity 
might be due to the separation of the constituents of an 
impure oil at certain temperatures and speeds of revolution. 


* We described at the Meeting results obtained for other specimens of 
sperm-oil, with the new apparatus, which exhibited no discontinuity. 
Yet we can find no reason to doubt Mr. Knight’s measurements. 
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XVI. On the Applicability of Lagrange’s Equations of Motion 
in a General Class of Problems; with especial reference 


to the Motion of a Perforated Solid in a Liquid. By 
CHARLES V. Burton, D.Sc.* 


1. Ler y, ¢,... be some only of the coordinates of a 
material system, so that when the values of Ww, ¢,... are 
given the whole configuration is not completely determi- 
nate. But suppose it known that the kinetic energy T can 


be expressed as a homogeneous quadratic function of , $,-.- 
only ; so that we may write 


T= (WW t2(poygt... ie (1) 
(bw), Abd),... are functions of y, d,... only 


We also suppose it known that (1) continues to hold good so 


long as the only (generalized) forces and impulses acting are of 
types corresponding to 


Oe ee en 


2. Suppose, now, that such impulses of these types were to 
act on the system that vr, ,... were all reduced to zero; the 
expression for the kinetic energy would accordingly vanish, 
and the system would be at rest. By supposing the last 
operation to be reversed, we see that the motion at any instant 


could be produced from rest by impulses of the types corre- 
sponding to 


A Dace ONY. adultes ied eee an) 


3. Let wv, y, z be the Cartesian coordinates at time + of a 
mass-element m referred to fixed axes, and let T be the kinetic 
energy of the system at the same instant. Further, let A be 
the “action” when the system moves without additional con- 
straint from one configuration to another, and A+6A the 
action when by workless constraints the path is slightly 


* Read March 10, 1893. 
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modified, so that in place of the coordinates a, y,z we have 
u+dx,y+dy,2+62. Then* 


SA = {I m(Hx + Ydy + 262) — [Zm(HSa + Ydy + 262) J 


+ aterm which necessarily vanishes; . . (4) 


where [ | and {} denote the values of the quantities enclosed 
at the beginning and end of the motion considered. 

Suppose further that, both at the beginning and at the end, 
the values of yz, $,... are the same for the one motion as for 
the other, so that initially and finally dy, 5¢,... are all zero. 
It does not follow that all the dx, dy, dz’s are zero; but 


Ym(adu + ydy + 22) 


is the so-called “ virtual moment” of the actual momenta in 
the hypothetical displacement 6x, dy, d<; that is, the virtual 
moment, in the same displacement, of the impulse necessary 
to produce the actual motion from rest. In virtue of (3), 
therefore, and of the initial and final vanishing of dy, d¢,... 
we see that the bracketed terms of (4) must both be zero ; 
hence 


The increment 5A vanishes and A has a stationary value for 
all worklessly effected variations of path which leave the 
initial and final values of =, ¢,.... unaltered. . (5) 


4, Lagrange’s equations for the coordinates y, ¢,... may 
now be written down at once, since the investigation of 
Thomson and Tait t becomes applicable to the present case 
without modification. It will be noticed that in their equa- 
tions (10)” and (10)*, § 327, the sign of 0V/dW should be 
reversed. 

We have thus a perfectly general proof of the proposition : 
If the kinetic energy of a material system can be expressed as a 
homogeneous quadratic function of certain generalized velocities 


vr, d; ... only, the coefficients being functions of vr, p,... only, 
and if this remains always true so long as the only forces and 


* Thomson and Tait’s ‘Natural Philosophy,’ 2nd edit. Part I. § 327. 
+ Loe. crt. 
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impulses acting are of types corresponding to , p,.+., the 
equations of motion for the coordinates vp, p, ... may be written 
down from this expression for the energy, in accordance with 
the Lagrangian rule. Provided only that the stated conditions 
are satisfied, we need not consider whether the whole configura- 
tion ts determined by the values of Ww, b,..., or what is the 
nature of the ignored coordinates... . . . . . . « (A) 


5. Passing over the known application of this result to the 
motion of solids through an irrotationally and acyclically 
moving liquid, we come to the more general case of a perfo- 
rated solid, with liquid irrotationally circulating through the 
apertures. Take as coordinates any six 0, 6’,... which deter- 
mine the position of the solid, together with y, x’,... equal 
in number (m) to the apertures; each y being the volume 
of liquid which, starting from a given configuration, has flowed 
across some one of the m geometrical surfaces, required to 
close the apertures, these surfaces being supposed to move 
along with the solid. 

Of course the coordinates 0, 0’,... x, x/,... are insufficient 
to determine the entire configuration of the system (including 
the positions of all the particles of liquid); but we shall see 
immediately how, in virtue of the proposition (A), Lagrange’s 
equations may be written down. 

6. Since an increment dy in one of the coordinates x is the 
volume of liquid which flows across a barrier-surtace (i. e., 
which flows through an aperture relatively to the solid), the 
generalized force corresponding to y must be conceived of as 
a uniform pressure exerted over the said geometrical surface, 
by means of some immaterial mechanism attached to the solid; 
while the impulse corresponding to y is of course a uniform 
impulsive pressure applied in the same manner. From hydro- 
dynamical considerations we know that the measure of such an 
impulsive pressure is pox, where p is the density of the fluid, 
and 8« the change produced in the circulation through the 
corresponding aperture. 

Hence the impulses corresponding to y, x’,... are 


RPh Py = «6 + 5 ee) 
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where «, «’,... are the circulations through the various 
apertures. 
7. Now when the motion of the liquid is irrotational, we 
have 
T =a homogeneous quadratic function of 6, 6’,...«,«!.. 
only ; coefficients functions of 4, 6’... only; 
sem ty : ; 
= aes homogeneous linear functions of 6, 6’,... 
k,k,... only; coefficients functions of 6, 6’,... only. 


Since the y’s are equal in number to the «’s, let us suppose 
the last-written system of linear equations to be solved for 
the «’s in terms of the x’s ; we then have 


< peel eae aaa 
k,«’,...=homogeneous linear functions of 0, 0’,...,’,... only; 
coefficients functions of 0, 6’,... only. 


Substituting in the expression for T we get 


T =a homogeneous quadratic function of 6, 6’,. .. Vrs 2. Onl ys 
coefficients functions of 0, 6’,... only. 


This, then, remains true so long as the motion of the liquid is 
irrotational; in other words, so long as the only forces and 
impulses acting are of types corresponding to @, 6’,... (since 
these are applied to the solid), y,x’,... (since these are 
uniform over the barriers, by § 6). 

If we identify , ¢,... with the coordinates 0,6’,...x,%’,.-- 
of the present example, we see that the proposition (A) of § 4 
is immediately applicable to this case. We may therefore 
ignore all other coordinates, and from the kinetic energy 
expressed as a function of 6, 6’,..., x/,..- write down the 
Lagrangian equations for 0,0’,... and, if we wish, for x, x’,... 
also. These latter, however, are less directly intelligible, 
since in general they involve finite pressures continuously 
acting over geometrical surfaces drawn through the liquid. 

8. If we wish to picture the application of the principle of 
least action (§ 8) to the present case, we may proceed as 
follows: —Let the system start from the configuration (1.) 
and move without additional constraint or influence to the 
configuration (II.). Then let it start again from the confi- 
guration (1.) with the same velocities as before, and during 
the motion let infinitesimal additional forces act on the solid, 


T 2 
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while infinitesimal pressures, uniform over each _barrier- 
surface, are impressed on the liquid ; the total rate at which 
the additional influences do work being at each instant zero. 
Further, let the additional influences be so adjusted that the 
system, after following a slightly different path, passes through 
a configuration such that 6, 6',... x, x’,... are all the same 
as for (II.). Then, to pass from the configuration (II.) to the 
present configuration requires no displacement of the solid, 
and only such displacement of the liquid that the total volume 
which crosses any barrier-surface is zero. In such a change 
of configuration impulses of the types 0, @',... x, x',..- would 
have no “ virtual moment,” just as forces applied to the solid 
and uniform pressures applied to the barrier-surfaces would 
give rise to no virtual work. as 

9. At this stage it will be convenient to replace 0, @,... 
by the components wu, v, w of linear velocity and p, q, 7 of 
angular velocity, which determine the instantaneous motion 
of the solid along and about axes fixed in itself. The Lagran- 
gian equations for the six coordinates 6, 6’,... must accord- 
ingly be replaced by the forms suitable to moving axes. The 
expression for the energy in terms of the velocities now 
becomes a homogeneous quadratic function of uw, v, w, P, 9,” 
xX, ¥, ... In which all the coefficients are known to be 
constants. 

Let us apply the method due to Routh *, and modify this 
function with respect to the coordinates x, y',... If T be the 
value of the kinetic energy in terms of the velocities alone, the 
modified function (i.e. the kinetic part of Routh’s modified 
' Lagrangian function) 


eer a, ne .=T—xpy—x'py!— met0) 


from (6). It is further known that the whole energy of the 
system 


=H A as is, io ee eo) 
where H is a function of u..., p..., only, and K is a function 


* Rigid Dynamics,’ vol. i. chap. viil. 
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of the momenta xp only. Suppose, now, that the solid were 
brought to rest by forces applied to it alone: E would vanish 
along with u, v, w, p, g, ”, while the circulations «, and con- 
sequently also K, would remain unaltered. The generalized 
velocities x; x, .. would in general have changed, becoming, 
let us suppose Xs Xo,.-- and the kinetic energy would 
accordingly have become 


K=4(xpyy+ «py! + Sn Ree err oe fF) 
Now let 
Het eNO Nd oe elo) 
so that each x1 is that part of the flux of liquid (volume per 
unit time) which takes place across a barrier-surface owing to 
the motion of the solid itself. 
Having regard to (8), (9), and (10) our equation (7) for 
T’ becomes 
T’=(E4+K)—2K—xpy,—epyy. . . - (11) 
Let us write for the velocity-potential of the acyclic motion 
P=ud,+vh,+ wh, + Ph, + 7Py t+ 7h, . ss (12) 


and for the value of x, across the barrier-surface o we have 


x1 aie —[ul+om+wn +t p(ry—mz) 


+q(lz—nz) +r(ma—ly)) } do, 5 aneogek(3)) 


where 2, y, z are the coordinates of the element do and l, m,n 
are the dircction-cosines of its normal y, all referred to the 
system of axes fixed in the solid. From (12) and (18) sub- 
stitute in (11); thus 


=H-— K+udee||(1-§ ae do + similar terms in v, w 


ee: oat terms ing, 7, . (14) 


where the summation refers to the ™ barriers. 
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Remembering (8) it will be seen that T’ is now expressed 
in the proper form, namely as a function of w, v, w, p, q, 7, and 
the momenta xp, «’p,... only. By means of the relations 


d oT’ on OL 

esi 8 +49 I =X We. we: 

aol os roylte por OUsE 

Wes =0 5, iene a4 came &e., &. 

the equations of motion of the solid can at once be written 
down. X,..., L,..., are of course impressed force-and couple- 
constituents. 

10. Since the kinetic energy due to any number of per- 
forated solids, moving in circulating liquid, can be divided 
into two parts, of which one is a function of the component 
velocities of the solids alone, and the other a function of the 
circulation-momenta alone, the above method may obviously be 
extended ; in fact a slight change in (14) will render it at 
once applicable to the more general case. We shall have, - 
evidently, 


=B-K + SuSxp || l— ot i6 +similar terms in v, w, 


+3p3xp|| ( (ny—me— oe) ta + similar terms in g, 7, (15) 


where H is still the energy due to the motion of the solids and 
the acyclic motion of the liquid, and K the energy due to the 
circulations. In each barrier-term the first } denotes sum- 
mation with respect to all the solids, and for each w or p, &c., 
the second = denotes summation with respect to all the barriers 
of the system. 

These hydrodynamical results are not new, but the method 
of proof is in some respects different from anything that has 
yet been given, and will, I hope, be found intelligible and fairly 
simple. In an admirable memoir, just communicated to the 
Physical Society, Mr. Bryan has given a direct hydrodynamica] 
proof of the equations holding good for the motion of the 
system in question ; but tit seemed to me also desirable that 
the problem should be rigorously treated by the method of 
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generalized coordinates, avoiding any assumption as to the 
impulse of the cyclic motion, and proceeding entirely from the 
principles established by Lagrange, and extended by Hamilton, 
Routh, and Hayward. 


When this paper was in proof it contained some remarks 
on the ignoration of coordinates, as treated in Thomson and 
Tait’s ‘Natural Philosophy’*. Calling x, y’,... the inde- 
pendent coordinates which, together with yw, ¢,... determine 
the whole configuration of the system in §§ J,..., it was 
suggested that, in hydrodynamical and kindred applications, 
there was a difficulty in proving that OT/dx, dT/dy’,... 
were all zero. 

But the difficulty, if indeed it should exist, is easily removed. 
For since the actual motion at any instant could be generated 
from rest by impulses of types corresponding to W, $,... only, 
we have throughout the motion 


dT/ax=0, OT/dx’=0,...; 


and by the Lagrangian equations for y, y’,..., since all the 
generalized forces are of types corresponding to W, ¢,..., 
we get 
d of _of_y dot _ of = 
di dye OXY ~-di ov OX 
whence 
or or 
eu eee ee 


DISCUSSION. 


A criticism by Mr. A. B. Basset on Mr. Bryan’s recent 
paper, and also on Dr. Burton’s paper, was read by Mr. 
Elder. 

Mr. Basset regards the process employed by Mr. Bryan 
in obtaining the equations of motion as a distinctly retrograde 
step, and thinks the most scientific way of dealing with dy- 
namical problems is to avoid the unnecessary introduction of 


* Part I. § 319, example G. 
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any unknown reactions. The advantages of the theory of 
the impulse are described by Mr. Basset, and the parts which 
require care when applying the theory to cyclic irrotational 
motion pointed out. Comparisons are then made as regards 
simplicity, between the different methods of treating the 
subject which have been used by Mr. Bryan, Prof. Lamb, and 
himself. 

With reference to Dr. Burton’s paper, he thinks it will 
tend to complicate rather than elucidate the subject. 

An account of how Lagrange’s original equations had been 
modified by Hamilton, Routh, and himself is given at some 
length, and the advantages and power of the mixed trans- 
formation which he had developed are pointed out. 

Prof. Henrici said he agreed with Mr. Basset, in preferring 
the more general method, but thought the independent 
treatment of special problems, as given by Mr. Bryan and 
Dr. Burton, very desirable. 

Dr. Burton, in reply, said he concurred with Mr. Basset 
on some points, but thought it decidedly advantageous to 
look at problems from different points of view. The investi- 
gation he (Dr. Burton) had given was applicable to any 
number of solids, and, on the whole, simpler than Mr. Basset’s. 

The President pointed out that no attack had been made 
on the validity or accuracy of Mr. Bryan’s or Dr. Burton’s 
work. As to simplicity of the various methods, different 
opinions might be expected to exist. He himself thought it 
very desirable that such problems should be approached from 
different sides. 
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XVII. Luminous Discharges in Electrodeless Vacuum-Tubes. 
By EH. C. Rrureron*. 


Since reading a paper in conjunction with Mr. E. W. 
Smith on November 25th, 1892, before this Society+, on 
“ Experiments in Electric and Magnetic Fields, Constant and 
Varying,” the Author’s attention has been drawn to a paper 
contributed by Mr. Tesla to the ‘Electrical Engineer’ of 
New York, July Ist, 1891, in which the luminous ring- 
shaped discharge obtained when a Leyden jar is discharged 
through a coil of wire surrounding an exhausted bulb is 
attributed to the electrostatic action of the surrounding wire, 
and not to the electric stress set up in the rarefied dielectric 
in consequence of the rapidly oscillating magnetic induction 
through the bulb. 

As one experimental proof of this assertion Mr. Tesla 
gives the following experiment :—“ An ordinary lamp-bulb 
was surrounded by one or two turns of thick copper wire, 
and a luminous circle excited by discharging the jar through 
this primary. The lamp-bulb was provided with a tinfoil 
coating on the side opposite to the primary, and each time 
the tinfoil coating was connected to the ground, or to a large 
object, the luminosity of the circle was 
considerably increased.” 

The author repeated this experi- 
ment with two Leyden jars arranged 


ipl. 
as in fig. 1, and found that when the 
spark-gap was sufficiently large to 
produce a bright ring when the tin- 
foil was not connected to earth, doing z HH 
so produced no noticeable difference i 

in the brilliancy ; but that, if the 

discharge were faint, it was ren- 

rendered considerably brighter on 

making the earth connexion. Better 


results were, however, obtained on connecting the tinfoil to 
either of the outside coatings, A or B, of the jars instead of 


* Read April 28, 1893, 
t Ante, p. 3. 
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to earth. This result led the author to try a series of 
experiments to endeavour to determine the cause of the 
effect, of which the typical ones are here given. 
Experiment 1 (vide fig. 2). rh Fig. 2. 
and B are the outside coatings < 
of a pair of Leyden jars (those 
employed were about pint size). 
C and D two vertical and paral- 
lel metal plates, at a distance of 
about one foot from the jars. The 
spark-gap, 8, is adjusted by a A B 
screw, so that the spark-length 
can be varied by small amounts 
when necessary. A single turn 
of wire, a 6, encloses an exhausted e re 
bulb, and its ends are connected 
to A and B, as shown in the c 
figure, so that a the part nearest 
to C is connected to A, and 6 to 
B. Two loose wires, ¢ and /, are also connected to A and B. 
The spark-gap is now shortened until there is just no 
luminous ring in the bulb. 
The plates C and D are then connected to the outer 
coatings A and B by means of the two loose wires, with the 
following results :— 


(1) Ato C. Bright ring. 

(2) Bto D. Bright ring. 

(3) A to C and B to D simultaneously. Bright ring. 
(4) A to D. 


(5) Bto C. No luminous ring. 
(6) A to D and B to C. 


Expt. 2.—The wire turn ab is removed from the bulb, 
given a half twist, and then replaced; so that a is now 
nearest to D, and 6 to ©. Plates not connected, no luminous 


ring. 
(1) A: ta-C. 
(2) B to D. bx luminous ring. 
(3) A to C and B to D. 
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(4) A to D. 

(5) Bto C. tig ring. 

(6) A to D and B to C. 

Expt. 3.—Arranged as in Expt. 1, case (1) or (2). Cis 
then connected to D, and the ring becomes less bright. 

Eapt. 4.—Arranged as in Expt. 1, case (1). C and D 
connected. On approaching C to the bulb, ring becomes 
brighter. 

On approaching D less bright. 

If arranged as Expt. 1, case (2), the reverse happens. 

All the above four experiments give the same effects if the 
turn of wire be larger than the bulb, as in fig. 3, only a longer 
spark-gap has to be used. 

Eapt. 5—A single turn of 
wire (fig. 3), a 6, larger than 
the bulbis employed, and between 
the bulb and the ring a semicir- 
cular strip of tinfoil or metal T is 
placed. The wire is connected as 
in Expt. 1. The spark-gap is 
arranged to give noring. Con- 
necting T to B bright ring, T 
to Anoring. ‘The reverse hap- 
pens if the tinfoil is placed in 
position T’ as shown by the dotted 
line. 

Expt. 6.—A piece of gutta-percha covered wire is bent into 
shapes shown in figs. 4and 5. On placing either of these 
over bulb as in fig. 6, a figure-of-eight-shaped luminous 


Fig. 3. 


kh c 


discharge is obtained, and there is no noticeable difference 
between the two. 
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Expt. 7—Putting the wire (fig. 4) on bulb as in fig. 7, a 
single broad band-ring is obtained, as the two turns will help 
one another with respect to magnetizing effect. 


Rig 6. 
I 6 


h c 


Doing the same with the wire (fig. 5) a discharge is 
obtained shaped like the sector of an orange, as shown by the 
dotted lines, fig. 7. 


Fig. 6. Fig. 7. 


‘apt. 8.—Bending a wire as shown in fig. 8, and placing a 
bulb in the loop 6 ¢, there is no effect even with a long spark- 
gap, although the potential difference between the sides 
cand b would be much greater than in the case of a single 
turn. 

Putting a bulb in the loop, de, of fig. 4 at once gives a 
bright ring. 

Experiments 6, 7, and 8 seem to show that ring, or other 
shaped, sharp luminous discharges can only be obtained with 
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the wire so wound as to give magnetic induction through the 
bulb, while the first five experiments show that an electro- 
static field in the bulb may help the effect. The theory the 


Fig. 8. 


author has come to after consideration of the above and 
other experiments is :—That if the E.M.F. due to rate of 
change of magnetic induction acting in the dielectric of 
rarefied gas be insufficient to break it down and produce a 
luminous discharge (owing to the spark-gap being too short), 
the electrostatic field between the plates C and D, or between 
one of the plates and part of the wire, if correctly timed with 
respect to the rate of change of current in the wire, will 
commence the breakdown of the gas, thus allowing a less 
E.M.F. due to the magnetic induction to complete it. 

To put this to the test, a single turn of wire was put round 
a bulb and the spark-gap adjusted so as to give a very faint 
or no luminous ring ; on the top of the bulb was laid a piece 
of tinfoil connected to one pole of a }in. spark induction- 
coil; when the coil is worked the tube is filled with a faint | 
glow: if now the Leyden jars are charged and discharged 
there will be sometimes a ring in the bulb which will be 
occasionally quite bright. The reason it cannot be always 
bright is of course that the discharges of the induction-coil 
are periodic, as are also those of the jars, and it is only when 
the two are properly timed (i.e. the P.D. due to the coil 
coming either just before or simultaneously with the spark) 
that there will be a bright ring. 


es 
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This experiment seems to settle the question and show 
conclusively that a properly timed electric stress in the bulb 
due to an electrostatic field will allow an E.M.F. due to the 
alternating current in the wire to produce a breakdown of 
the rarefied gas, which the latter is too small to effect without 
the aid of the former*. 

In Expt. 1, when A and OC are connected this field will 
exist between C and 0 the side of the turn of wire remote 
from C, and must therefore pass through the bulb. When A 
is connected to D, as the strongest field is between 6 and D, 
where the P.D. is greatest, it does not pass through the bulb ; 
in fact the field in the bulb willsimply be that due to the P.D. 
between a and 0, or the same as it is if the wires e and f are 
disconnected. ‘lhe results of Experiments 2, 3, 4, and 5 are 
also obviously explained by this theory. 

To treat the subject mathematically. We have the well- 
known equations for the discharge of a condenser : 


ee +Re=- & where K is the capacity, 


dt 
and med¢ 
c= dis 
Jombining these, 
d’q _ Rdg t 
qa Rie = 


To obtain an oscillatory discharge 4L must be greater than 
KR? 


* To prevent misconception, it had better be definitely stated that this 
electrostatic stress does not necessarily act in the same direction as the 
E.M.F, due to the rate of change of magnetic induction. In experiments 
(1) to (5) the direction of the former will be through the bulb from side 
to side, while that of the latter is a circle coplanar with the wire. As 
the discharge in a gas is of a nature more or less electrolytic, being 
accompanied by the splitting up of the molecules, it seems reasonable to 
suppose that anything which increases the number of dissociated molecules 


will enable a smaller stress to produce a breakdown in the form of a 
luminous discharge. 
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the solution 


Putting a for — and 0 for ioe 


Kir ip ; 


is 


q= Qe NEF sin r+ 0), Pre (i) 


where 6 =tan-( ~*) and Q is the initial charge. 
a 


This may be more conveniently written 


g= Qe” ata cos (bt—7), 
where 


=" —§, or tann=—*5 = cee 
IE Be ae N/A 


If the oscillations are to be rapid 


R2 
to ah? 
Therefore 7 will be some small angle. 
Instead of quantity we may write P.D. of the condenser, 
or 


must be large compared 


‘EI. 


ve Ver Ve +P cos (tn). ict sean 


The current 


dq _ Q t Vv et j 
> he 7KL* sin b¢= TL.” emote. . « 3 (3) 


Now the electric stress acting in the bulb is proportional to 


d 
the rate of change of current, or to ; 


dt 
and de Gps 
eae Boasht).. « . « £4 
= = EF (asin bt +b cos bt) (4) 
The current itself will be a maximum or minimum when 
de 
poe 
2,e. when asin bt +6 cos bt=0, 
b 4 
or when EAS a Ke) 
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Therefore bt=6, and is in general nearly equal to 3° 

The maximum values of the current occur when 
bt=0, 27+, 47+, K&e., 
and the minimum values when 
bt=7r+0, 387+6, 574+, Ke. 
This is shown in the curve (fig. 9), the points M,, M,, Ms, 


&e., representing the maximum and minimum values of the 


current. The distance O A represents @, and A B= é —0=n. 


Fig. 9. 
: ae 
Dotted curves are values of the exponential FL. 2h 


S 
Q 
& 
NS 
> 
9 
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L3oNG Fits 
LL 


a 


VALUES OF 


M,, M, ,Ms, M, are the maximum values of the current. Hy) Poy Ms are 
the points where the rate of change of current is greatest. 


It is now necessary to consider when the rate of change of 
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; de. Pay 
the current is greatest. —| will be a maximum or minimum 


ne dt 

when We =0. 
Now 

@? V 

FE = JLo i (@—0?) sin be-+ 2ab cos bi} =0. 
Hence 

tent 208, -_ RV RGR) 

9L— KR 
Let 
tan? WK — KRY _ 


2L—KLR? 
y will be in general a small angle. 


The rate of change of current.will be greatest (either a maxi- 
mum or a minimum) when 


bt=—y, r—y, 27—y, ke. 
Obviously bt cannot equal —y, so that the rate of change 
of current is greatest for values m—y, 2r7—y, &c.; or at 
points “1, 2, 3, Wc. in the curve (fig. 9), and EF=y. If 


the oscillations are to be very rapid KR? must be negligible 
compared to 4L ; in which case 


tony=Ry/®, 
R Je 
tann= ay/X, 


and they are both very small angles, hence y=2y approxi- 
mately, or HF =2AB. 
When bt=7—y, 


also 


CS aes 
i= 
de _ Ve, VV “s 


or if the oscillations are Hen rapid, 
dc __ Ms = Ve 


a Le 
VOL. Xi. -U 
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If, however, t=O, 
dé 
die 
so that the greatest rate of change of current occurs at the 
first instant of discharge, although this is not a mathematical 
maximum. 
Equation (4) may also be written 


de VVe4+8 
i bL 


» being the same angle as before. 
It is now necessary to consider the values of the P.D. 
between the outside coatings A and B of the Leyden jars. 
Let 7 and 7» be the inductance and resistance of the coil 
connected to the outer coatings, and L and R the same for 
the whole circuit. Let v,—ve=x be the P.D. between the 
outer coatings at any instant ¢. Then 


e“cos(bt+n), . . « (Dd) 


Voor 
c= e% sin bt, 


bL 


end oar, vpmor iF, 


ne xa f(r4 la\ein bee cose} 


Mii ve -S 
=e V 7b? +(r+la) cos (bt—n!) . . (6) 


where 


~S 
+ 
2 


tan y! = 


b 
n' will be in general a small angle not very different from » ; 


ye ail 
and if ooo the time-constant of the coil equals the time- 


constant of the whole circuit, 


=—2a, 


a : 
<2) tan i= ~ ;, = tan , OY 7 =. 
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That is 2 is in phase with v the P.D. at the inner coatings of 
the jars. 

To find the maxima and minima of x we have 

dz - V Sp Bare hi : 
== aL” [tar +l(a?—b")} sin bt+ b(7 + 2/a) cos bt] =0. 
b(r + 2la) 


tg = 
panes ar + l(a? —b?) 


(7L—R /K(4L—KR?) 
~ LCKRr+2L) 


= tand. 


Then «# has its greatest positive or negative values when 
bt=6, +8, 27+6, &e. Sis in general a small angle, and 
is positive if 


Dye! 
Racne 
and negative if 
Tne eyt 
R < Po 
If 
ee! 
ieee Sask aes 


l 
if . be not greater than - the first largest value of w will 


occur at t=0, and as the rate of change of current is also 
greatest at this instant the two will occur simultaneously. 
The next greatest value of w occurs when 


elite 
bt=mr—6 (tg < -)> 


Y 


and the next greatest rate of change of current when 


bt=17—¥. 


i 
6 will be less than y, if 7 be nearly equal to 73 80 that the 
: de 
maximum value of w will occur after the maximum of = 


but the value of w will not differ very much from its maximum 
U2 
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when = isa maximum*. This bears out the results obtained 


in-experiments 1 and 2, though, of course, the electric field in 
the bulb will be that due to the P.D. between one of the 
plates, C or D, and the opposite side of the turn of wire, and 
this will only be about half that between the outer coatings 
A and B. Moreover, the phase of the potential of C will 
not be quite the same as that of A, on account of the 
inductance of the connecting wire e. Experiments 1 and 2 
were, however, tried with the plates C and D, and the con- 
necting wires removed, the turn of wire ab being moved so 
as to bring either a or b nearest to A or to B, and the results 


obtained were practically the same as those of experiments 
1 and 2. 


Effect of Size of Jars. 


When different-sized Leyden jars are employed with the 
same length of spark-gap the luminous ring is more brilliant 


* The above investigation into the value of the P.D. between the 
outer coatings will only give correctly the state of things when a steady 
swing has been set up in the circuit; as evidently when ¢=0 the value 
of x also equals zero, so that 2 must start in phase with the current; it 
will, however, rapidly get out of phase with the latter, and finally be 
nearly in quadrature with it, This is due to an initial wave starting 
from the spark-gap which runs round the circuit. Possibly the value of 

can be iy represented by one of the two subjoined formule :— 


deal oe oy PP (r+lay sin {(bt+)(1—e-P4)}, 


or 


hae Veat EO ii eee lat et ee 

c= VP + (r+la)? sin {bt + p (1—e-P#)}, 

where Y= 3 —n', and p some constant. Dr. Lodge, in his researches on 

the A and B sparks, approximately represents ‘he initial values of x by 

the current multiplied by the impedance of the conductor 7, or makes 
eee 

t= a POP sin bt. 


The initial maximum of # will consequently roughly coincide with the 
maximum of the current, or be near the point M, of fig. 9, and will thus 
come about a quarter of a period before the ood maximum rate of 
change of current, point p, (fig. 9). 


IN ELECTRODELESS VACUUM-TUBES. Pa Uh 


with larger jars. Now the E.M.F, acting in the rarefied gas, 
and producing the breakdown of the same, is proportional to 


de 
dt’ 
» de ‘ 
Also the greatest value of a7 that first occurs is when ¢=0, 
C 
and then 
ae a 
dé OL’ 
and the next is for very rapid oscillations 
de ae WA K 
di = ie é 2 L. 
So that the first value of the E.M.F. acting in the gas is 
independent of the capacity, and the next and succeeding 
values are less the greater the capacity. 
The effect on the eye, however, of the luminous ring will 
be the time-integral of the discharge or approximately depend 


on 
” de 
{ ae ap 


The whole limits of ¢, viz., from 0 to ©, cannot be taken at 


de : ; : 
once, as 7, keeps reversing, and this reversal will not affect 


the luminous discharge. Referring to the curve (fig. 9) it 
will be seen that the first reversal must take place at M,, when 
bt=86, and subsequent ones for values 7 +0, 27+ 0, &e., of bt. 
It is therefore necessary to take first the limits @ and 0, then 
m+ and 6; 27+6 and ++, and soon, alternately writing 
the integrals plus and minus. 


oy ) w+O 
if & agi 2 { : [e” sin bt] — ie sin ot | 


2n+0 
+ |e sin ot | — &e.ad inf. b ‘ 


m+0 
Remembering that 


sin ( 7+6)=—sin 9, 
sin (27+ 0)= sin 8, . 
sin (37 + 0) = —sin , and so on, 
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this gives 
* de .dt= 7 sino { e6" + eB 4 oF 4 Go, A 
endo bL 


The series in the bracket is a geometrical progression, in 


a 
which the constant factor is ¢"; and, since a is negative, 
this is less than unity. 


Hence 
"de 2Vsin@ e° 
= : ; 
{, dt bL teat 
and 
tan 0= 4L—KR’ KR , or sind= a es ee 
Gig 
also 
4L— KR? sin 0 
= = = VA Pts 
b iKLE nd j Ks 
d K - 
‘ 7 at=2V 4 / e: e 
0 ne 


6 KR? Go) wh KR2 
é 4L—KR?—@ 4L—KR?2 


= 6 _ KR =wvand r Py =y 
4L.—KR? 4L—KR? - 


Then the denominator 0 ie and 


e=l+e+ — ee 
2 +B 
ae wv _ ay Yo ee 8aty 
TE Leama gas 
ig tte, 


[3 


spy ay a Yee 
0ST ie Ss Taps ai 


+ terms of the 4th, 5th, &e. powers, 
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Now « and y will in general be small fractions, since KR? 
is usually much less than 41. 
If the oscillations are very rapid, @ is very nearly equal to 


T : 
5: Hence y=2e approximately. Then ¢—é-¥ becomes 


2 


Therefore the time-integral 
s 
ers 1+ a= 


zal KR? EN rae 
2\V/ 4L—-KR? 4 i) ahi ae 


so time-integral 
ute ( RK 
wR 961 


_# 
G approx., 


and 


approx. 


Now from this it is seen that the effect of increasing the 
capacity would be to slightly diminish the time-integral, and 
consequently probably make the brilliancy of the luminous 
discharge less, if it were not that increasing the capacity 
diminishes the real resistance of the circuit, since it makes 
the oscillations slower, and the resistance R for copper for 
rapid oscillations approximately equals /46/R,; where / is 
the length of the wire, and R, its resistance for steady cur- 


rents. Now b= al approximately. 


IR 
2V KL 


so that the time-integral is very roughly proportional to the 
fourth root of capacity. 

There is also another reason why larger jars might produce 
a brighter discharge, even though the time-integral were less, 


Therefore 
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With larger jars the time taken for the amplitude of the cur- 
rent to Jie to a value at which it becomes insignificant will 
be longer than in the case of small ones. Now, as the initial 


value of 2 is the same whatever the size of the jars, the after 


values (although their time-integral is less and their actual 
values less also) last longer in the case of larger jars. 
When the cine of the eae of rarefied gas is once 


begun by the pee = , the values of 2 —- ; necessary to keep it 
up may probably be very much less, oe consequently the 
smaller values of sa lasting longer, as given by the larger 


dt 
jars, may produce a luminous discharge more brilliant to the 
eye than the larger values of a lasting a shorter time, as given 
by the smaller jars. 

The actual results obtained with a ring of four turns of wire 
containing an exhausted bulb about 24 inches in diameter 
were that the differences in brilliancy, obtained by using 
half-gallon jars, pint jars, or very small jars made from spe- 
cimen glasses, were not so very great. 


Other Effects. Apparently unclosed Discharges. 


A closed luminous discharge is not the only one that can 
be obtained. Mr. Tesla, in 1891, pointed out that by wrap- 
ping a wire round an exhausted tube so as to form a coarse- 


pitched spiral, a luminous spiral discharge is obtained. He 
was apparently only able to obtain a very feebly luminous 
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spiral, but the author has succeeded in getting one quite as 
brilliant as in the case of the ring-shaped discharge obtained 
with a bulb. 

In fig. 10 two half-gallon jars have their outer coatings 
connected by a wire, A B, bent as shown in the figure. Over 
the wire is laid an exhausted tube, CO, with a tinfoil cap*, T, 
at one end; Tis connected to the outer coating of the jar 
nearest to it. The object of this is to utilize the electrostatic 
effect and make the tube more sensitive to breakdown by the 
electromagnetic one. When the jars discharge, a straight 
luminous band is observed in the tube directly over A B. 

If the tube C be now moved towards the jars, even by a 
very small amount, a closed circuit discharge will be obtained. 
There is apparently, then, a tendency for the luminous dis- 
charge to form a closed circuit whenever possible ; and it 
seems probable that even when the discharge is apparently 
not closed, as in the case of the spiral or the straight line, 
the electric stress acting in the rarefied gas takes the form 
of a closed circuit, but is only intense enough to produce 
sharp luminosity close tothe wire}. To further test the ques- 
tion an unclosed ring tube was made, and when it was placed 
inside a coil of wire no trace of a single luminous band could 
be seent. A small glass tube was also bent so as to form a 
spiral of four turns, and exhausted. A wire following the 
spiral was attached to it, but this also gave no trace of 
luminous discharge. 


* It is not always necessary to use this cap, as, if the exhaustion is 
high enough to give green phosphorescence of the glass, with the two 
half-gallon jars in series, the discharge can be obtained without the cap. 
With another tube of lower vacuum the author finds the cap necessary, 

+ That is, the return part of the discharge is so diffused and feebly 
luminous as to easily pass unnoticed in comparison with the sharp and 
brilliant luminosity close over the conductor. The same applies to the 
spiral discharge, each turn of the spiral probably forming a closed circuit 
by itself, 

{ On afterwards repeating this experiment the author obtained a dis- 
charge in parts of the tube, and with half-gallon jars in the whole tube. 
The discharge, however, was a closed one, as there were two distinct 
bands in the tube, one on the side next to the coil and the other on the 
side farthest away from it. This is what might be expected if the 
magnetic induction be sufficiently strong. 
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Magnetic Effects of Discharge. 


The ring discharge in a bulb or closed circular tube acts 
like a metallic circuit as far as magnetic effects are concerned. 
This may easily be shown by the following experiment. 

A coil of three or four turns of wire has a similar one wound 
with it to form a secondary ; the latter is connected to a 
third coil, in which is placed an exhausted bulb. The first 
coil is connected to the outside coatings of the jars (fig. 1). 
The spark-gap can be adjusted so that a fairly bright ring is 
produced in the bulb. If now a second bulb is placed within 
the first coil a luminous ring will be formed in it, and the 
ring in the other bulb will be much weakened or altogether 
extinguished. Exactly the same effect is produced if a metal 
plate or closed coil be brought near the first coil in lieu of the 
bulb. 


Sensitive State of Discharge. 


If a single turn of insulated wire surround one of the 
exhausted bulbs as in fig. 1, and the spark-gap be adjusted so 
as to produce a rather faint luminous ring (the fainter the 
better); on approaching the finger and touching the wire at 
any point the discharge appears to be repelled, and takes the 
shape shown in fig. 11. Instead of touching the wire with 
the finger a small piece of tinfoil may 
be laid between the wire and the bulb, Fig. 11. 
as at A (fig. 11), and this may be touched 
by the finger or connected to any large 
object, insulated or otherwise ; the effect 
produced is the same. Connecting the 
tinfoil to one of the outer coatings of the 
jars does not produce this effect, and 
it is scarcely, if at all, visible when 
the luminous ring is brilliant, due to 
a longer spark-gap. With a wire ring 
of several turns the author has not been 
able to obtain it. If a turn of bare 
wire be employed the effect is produced when the finger is 
brought very near to the wire, but if it be brought into 
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actual contact the eftect is no longer visible. This apparently 
shows that it is due to the capacity between the finger or 
tinfoil and the wire; it is probably of the same nature as 
the “sensitive state” in an ordinary vacuum-tube. 


ADDENDUM, May Ist, 1893. 


Since writing the above the author has made a further 
experiment* which at first sight appears to contradict the 
one f given in the paragraph on “‘ Magnetic Effects of Dis- 
charge.” 

A ring (R) of four turns of wire is joined in series with a 
single turn, and the two are connected to the outside coatings 
of the jars. In the single turn a bulb is placed and the spark- 
gap adjusted until a fairly bright ring is produced in it at 
every discharge. If now a closed ring of thick copper-wire, 
a metal plate, or a ring of several turns, similar to R, and 
with its ends joined, be laid on R to act as a secondary, the 
luminous ring in the bulb is brighter ; on substituting for this 
an exhausted bulb and placing it in R, there will be a brilliant 
ring-discharge in it, while the discharge in the other bulb 
will be rendered fainter or altogether extinguished. In this 
experiment the exhausted bulb secondary appears to act in 
the reverse way to a metallic secondary. 

The author then made the following experiments :— 

(a) A ring of four turns of guttapercha-covered wire pre- 
cisely similar to R was made, its ends were connected to an 
ordinary Geissler tube. When this was used as secondary it 
acted exactly in the same manner as the exhausted bulb both 
in the first and second experiments, the Geissler tube being 
brilliantly illuminated. 

(0) The Geissler tube was then removed, and the ends of 
the secondary coil connected to the coatings of a small Leyden 
jar. The effects produced by this secondary were the same as 
those produced by the exhausted bulb in both experiments. 


* Called hereafter the second experiment. This experiment was 
shown when the paper was read. 
+ Called hereafter the first experiment. 


284. MR. E. C. RIMINGTON ON LUMINOUS DISCHARGES 


(c) The ends of the secondary were connected to the loops 
of a glow-lamp to act as a resistance (about 100 ohms). This 
acted similarly to the exhausted bulb in both experiments. 

(d) A disk of gilt paper (imitation) and also a ring of the 
same were used as secondaries; these acted similarly to the 
bulb in both experiments. When the discharge took place 
there were brilliant sparks produced at various spots on the 
paper, wherever there was any flaw in the gilding, showing 
that considerable energy was dissipated there. 

(e) The secondary coil of four turns had its ends joined by 
a strip of gilt paper about 6 inches in length, with a con- 
siderable number of flaws in the gilding (produced purposely, 
by bending the paper sharply in several places, so as to 
obtain considerable sparking). This acted similarly to the 
bulb and dimmed the discharge in the bulb surrounded by the 
single turn. On shortening the length of gilt paper between 
the ends of the secondary, the discharge in the bulb was less 
dimmed. 

The results of these five experiments are, that any of the 
above secondaries are able to reduce the mutual induction 
between the primary and secondary in the first experiment 
sufficiently to render faint or altogether extinguish the 
discharge in the bulb, and act similarly to an exhausted bulb 
secondary. In the second experiment a low resistance se- 
condary behaves in the reverse manner to an exhausted bulb 
secondary, while (c) and (e) show that a high resistance put 
externally into the secondary circuit, and (d) that a secondary 
having a high resistance in itself, act in a similar manner to 
an exhausted bulb secondary. (6) shows that if the ends of 
the secondary be attached to a capacity it behaves like the 
bulb. 

The most probable explanation seems to be the following:— 
The amount of energy in the jars when charged is a fixed 
quantity for a given spark-gap; this energy will be mostly 
expended in the coil R and the single turn and bulb (the 
second experiment). If, now, we can make energy be ex- 
pended elsewhere, as in a secondary, we shall have diminished 
the energy received by the bulb, and this will in general dim 
it or altogether extinguish it. This will explain what happens 
when an exhausted bulb secondary is used ; also experiments 


IN ELECTRODELESS VACUUM-TUBES. 285 


(a), (¢), (d), and (e). With regard to experiment (0), energy 
may have been expended in heating the glass of the jar on 
account of electric hysteresis. Moreover, this secondary did 
not dim the bulb so much as the others, but was found to be 
capable of improvement in this respect by including some 
resistance (in the shape of the glow-lamp or a strip of gilt 
paper) in its circuit. 

In the case of a low-resistance secondary the energy dissi- 
pated in it will be small, since its impedance will not be much 
lessened by its being of low resistance on account of the high 
frequency. This does not explain, however, why the dis- 
charge in the bulb is brighter when a low-resistance secondary 
is used*. 

A further experiment was then made. The coil R in the 
second experiment had a similar secondary § placed in it; 
this was connected to another similar coil T. The spark-gap 


Fig. 12. 


Ao) Cy 


A one turn; S, R, and T each four turns. 


was lengthened until a brilliant luminous ring was produced 
in a bulb placed in T. The bulb in A was then moved away 
from A until there was a very faint luminous ring in it. On 


* This energy explanation is probably not a complete one. Working 
out the frequency in the cases of no secondary, a secondary of four turns 
short-circuited, and the same with its ends joined through 100+; 
the author finds that the damping-term is increased when either secondary 
is used, but more so with the 100 in circuit. The frequency is much 
the same with the 100 in circuit as when there is no secondary, but 
with the secondary short-circuited the frequency is about doubled. This 
may account for the increase in brightness of the discharge in the bulb. 
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removing the bulb from T a very slight brightening of the 
faint ring of the bulb in A was observed. Instead of placing 
an exhausted bulb in T, a coil of four turns with its ends 
joined through 100 was laid on T, and the bulb in A adjusted 
to give a very faint ring ; on removing the coil from T a 
decided brightening of the discharge in the bulb was observed. 
This experiment seems to show fairly conclusively that 
increasing the energy in the circuit of the secondary 
S diminishes the brightness of the discharge in the bulb 
placed in A*. 


DIscussIon. 


Dr. Sumpner, speaking of the apparently unclosed dis- 
charges, pointed out that they might be closed through the 
wire forming the primary circuit in the same way as a coil 
of a transformer might be arranged to act, partly as primary 
and partly as secondary. 

Mr. A. P. Trotter, after referring to Dr. Bottomley’s re- 
searches, said it was important in discussing such experiments 
to distinguish between electrostatic and electromagnetic 
effects. In Mr. Campbell Swinton’s experiments the lumi- 
nosity always appeared to get as far away from the wire as 
possible, and to be at right angles to it; whereas in Mr. 
Rimington’s the luminous portions were close to the wire. 
With a view to puzzling the discharge in Mr. Swinton’s tubes, 
he had made a right-angled bend in the spiral surrounding 
the tube, the resulf of which was to make the luminosity 
discontinuous, one end of the break being bifurcated. In 
all Mr. Swinton’s experiments brush-discharges surrounded 
the wire. 

Prof. 8. P. Thompson thought an electrostatic field would 
aid a discharge even if its direction was not the same as the 
E.M.F. due to varying magnetic induction. Planté had 
found that vacuum-tubes through which 800 cells were in- 
sufficient to produce a discharge, immediately allowed a 
discharge to pass when a rubbed ebonite rod was brought 


* Since writing the above the author finds that Prof. J. J. Thomson 
has observed the effects noticed in the second experiment, and gives an 
explanation practically identical with the above. 
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within about ten feet distance. This effect was found to be 
independent of the direction of the disturbing field. Analo- 
gous effects had also been observed by Prof. Schuster, and 
described in his Bakerian Lecture. 

Mr. E. W. Smith regarded the stresses set up in the 
medium as cumulative, a very slight cause acting on a sub- 
stance already strained nearly to breaking-point being 
sufficient to cause breakdown. 

Mr. Blakesley inquired if the effects were the same if the 
induction-coil used in one of the experiments was replaced 
by an electric machine, and whether the direction of the field 
so produced influenced the result. 

Mr. W. R. Pidgeon said closed circuits were necessary ; he 
had found it very difficult to produce discharges in tubes 
unless the ends of the primary wire were brought together. 

In his reply, Mr. Rimington said each turn of the luminous 
spiral formed a complete circuit of itself. The phenomena 
observed by Mr. Campbell Swinton were quite different to 
those he had shown and due to different causes. Mr. Swinton’s 
spirals were reversed, and were due to phosphorescence of 
the glass. 
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